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Abstract

To understand how the interconnected and interdependent world of the twenty-
first century operates and make model-based predictions, joint probability models
for networks and interdependent outcomes are needed. We propose a comprehensive
regression framework for networks and interdependent outcomes with multiple ad-
vantages, including interpretability, scalability, and provable theoretical guarantees.
The regression framework can be used for studying relationships among attributes
of connected units and captures complex dependencies among connections and at-
tributes, while retaining the virtues of linear regression, logistic regression, and other
regression models by being interpretable and widely applicable. On the computa-

tional side, we show that the regression framework is amenable to scalable statistical
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computing based on convex optimization of pseudo-likelihoods using minorization-
maximization methods. On the theoretical side, we establish convergence rates for
pseudo-likelihood estimators based on a single observation of dependent connections
and attributes. We demonstrate the regression framework using simulations and an
application to hate speech on the social media platform X.

Keywords: Dependent Data, Generalized Linear Models, Minorization-Maximization,

Pseudo-Likelihood

1 Introduction

In the interconnected and interdependent world of the twenty-first century, individual and
collective outcomes—such as personal and public health, economic welfare, or war and
peace—are affected by relationships among individual, corporate, state, and non-state ac-
tors. To understand how the world of the twenty-first century operates and make model-
based predictions, it is vital to study networks of relationships and gain insight into how
the structure of networks affects individual and collective outcomes.

While the structure of networks has been widely studied (see |[Kolaczyk, [2017, and
references therein), the structure of networks is rarely of primary interest. Instead, we often
wish to understand how networks affect individual or collective outcomes. For example,
social, economic, and financial relationships among individual and corporate actors can
affect the welfare of people, but the outcome of primary interest is the welfare of billions
of people around the world. Relationships among state and non-state actors can affect war
and peace, but the outcome of primary interest is the welfare of nations. Contact networks
mediate the spread of infectious diseases, but the outcome of primary interest is public

health. A final example is causal inference under network interference: If the outcomes



of units are affected by the treatments or outcomes of other units, the spillover effect of
treatments on outcomes can be represented by an intervention network, but the target of
statistical inference is the direct and indirect causal effects of treatments on outcomes.

To learn how networks are wired and how the structure of networks affects outcomes

N

of interest, data on outcomes Y = (V;)Y; and connections Z = (Z; ;)Y

;; among N units
are needed along with predictors X := (X;)¥,. Statistical work on joint probability mod-
els for dependent outcomes and connections (Y, Z) | X = x is scarce. Snijders et al.
(2007) and Niezink and Snijders| (2017) develop models for behavioral outcomes and con-
nections using continuous-time Markov processes, assuming that the behavioral outcomes
and connections are observed at two or more time points. [Wang et al. (2024) combine Ising
models for binary outcomes with exponential family models for binary connections, with
applications to causal inference (Clark and Handcock, 2024). In a Bayesian framework,
Fosdick and Hoff (2015) unite models for continuous outcomes with latent variable models
that capture dependencies among connections. A common feature of these approaches is
that the models and methods in these works may be useful in small populations with, say,
hundreds of members, but may be less useful in large populations with, say, thousands or
millions of members. For example, many of these models make dependence assumptions
that are reasonable in small populations but are less reasonable in large populations. In the
special case of exponential-family models, it is known that models that make unreasonable
dependence assumptions can give rise to undesirable probabilistic and statistical behavior
in large populations, such as model near-degeneracy (Handcock, 2003; |Schweinberger, 2011;
Chatterjee and Diaconis, 2013). In addition, these works rely on Monte Carlo and Markov

chain Monte Carlo methods for moment- and likelihood-based inference, which limits the

scalability of the mentioned approaches. Last, but not least, the theoretical properties of



statistical procedures based on dependent outcomes and connections (Y, Z) | X = «, such
as the convergence rates of estimators, are unknown.

While statistical work on joint probability models for (Y, Z) | X = x is scarce, recent
progress has been made on conditional models for outcomes Y | (X,Z) = (x,z) and
connections Z | X = x. For example, the literature on network-aware regression uses
conditional models for outcomes Y | (X, Z) = (x, z): |Lei et al. (2024)) assume that the
dependence among outcomes decays as a function of distance in the population network,
while |Li et al.| (2019)) and Le and Li (2022) encourage outcomes of connected units to be
similar. A related branch of literature, concerned with causal inference under network
interference, leverages conditional models for outcomes Y | (X, Z) = (x, z) given treat-
ment assignments X = x and connections Z = z. Some of them consider fixed connections
(e.g., Tchetgen Tchetgen et al.| 2021;|Ogburn et al.,|[2024), while others combine conditional
models for Y | (X, Z) = (x, z) with marginal models for Z, assuming that connections are
independent (Li and Wager, 2022). Other works advance autoregressive network models
for Y | (X,Z) = (x,z) (Huang et al., 2019, [2020; Zhu et al., 2020). Conditional models
for connections Z | X = « include stochastic block and exponential-family models with
covariates (e.g., Handcock} 2003; [Huang et al. 2024; |Wang et al., 2024} Stein et al., |2025)).

All of the cited work is limited to special cases, such as real-valued outcomes or binary
connections, rather than presenting a comprehensive regression framework for studying
relationships among attributes (X, Y') under network interference Z. To fill the void left by
existing work, we propose a comprehensive regression framework for studying relationships
among attributes (X,Y’) under network interference Z based on joint probability models
for (Y,Z) | X = x. The proposed regression framework has important advantages over

existing work, including interpretability, scalability, and provable theoretical guarantees:



1. We show in Sections and that the proposed regression framework can be
viewed as a generalization of linear regression, logistic regression, and other regres-
sion models for studying relationships among attributes under network interference,
adding a simple and widely applicable set of tools to the toolbox of data scientists.
We demonstrate the advantages of the regression framework with an application to

hate speech on the social media platform X in Section [6]

2. The proposed regression framework can be applied to small and large populations
by leveraging additional structure to control the dependence among outcomes and
connections, facilitating the construction of models with complex dependencies among

outcomes and connections in small and large populations.

3. We develop scalable methods using minorization-maximization algorithms for con-
vex optimization of pseudo-likelihoods in Section [3] To disseminate the regression

framework and its scalable methods, we provide an R package.

4. We establish theoretical guarantees for pseudo-likelihood estimators in Section [4]
To the best of our knowledge, these are the first theoretical guarantees for joint
probability models of (Y, Z) | X = x based on a single observation (y, z) of (Y, Z).
The simulation results in Section [5| demonstrate that pseudo-likelihood estimators

perform well as the number of units N and the number of parameters p increases.
In addition, the regression framework has conceptual and statistical advantages:

5. Compared with conditional models for outcomes Y | (X, Z) = («x, z) and connec-
tions Z | X = @, the proposed regression framework for (Y, Z) | X = x provides
insight into outcome-connection dependencies, in addition to outcome-outcome and

connection-connection dependencies.



6. Compared with conditional models for outcomes Y | (X, Z) = («, z), conclusions
based on the proposed regression framework are not limited to a specific population
network z, but can be extended to the superpopulation of all possible population
networks. In addition, the proposed regression framework provides insight into the

probability law governing the superpopulation of all possible population networks.

7. The proposed regression framework retains the advantages of two general approaches
to building joint probability models for dependent data, elucidated in the celebrated
paper by Besag| (1974): Specifying a joint probability distribution directly guaran-
tees desirable mathematical properties, while specifying it indirectly via conditional
probability distributions helps build complex models from simple building blocks. We
show how to directly specify a joint probability model from simple building blocks.
The resulting regression framework possesses desirable mathematical properties and
induces conditional distributions that can be represented by regression models, facil-

itating interpretation. We showcase these advantages in Sections [2.2 and [6.2]

We elaborate the proposed regression framework in the remainder of the article.

2 Regression under Network Interference

Consider a population of N > 2 units Py = {1,..., N}, where each unit i € Py possesses

e one or more binary, count-, or real-valued predictors X; € X;, which may include

covariates and treatment assignments;
e binary, count-, or real-valued outcomes or responses Y; € Y;;

e binary, count-, or real-valued connections Z;; € Z,; to other units j € Py \ {i},



which represent indicators of connections or weights of connections (e.g., the number

of interactions between ¢ and j).

We first consider undirected connections, for which Z; ; equals Z; ;, and describe extensions
to directed connections in Section |§] We write X = (X;)i<i<n, Y = Yi)i<i<n, Z =
(Zijh<icj<n, X = Xj\; Xi, Y = Xf\il Y, and 2 = XZ\L] Zi;, and refer to Y without
Y; and Z without Z;; as Y_; € Y_; and Z_p; ;3 € Z_g;;y, respectively. In line with
Generalized Linear Models (GLMs), we introduce a known scale parameter ¢ € (0, +00)
and define Y;* == Y; /¢ and Y*, = Y_; /1. Throughout, I(-) is an indicator function,
which is 1 if its argument is true and is 0 otherwise. We write ay = O(by) and ax = o(by)
to indicate that |ay/by| remains bounded and limy_,o |an/bn| = 0, respectively.
Following the bulk of the literature on regression models, we condition on predictors
X = x. To construct joint probability models for dependent responses and connections

(Y, Z) | X = x, we introduce a family of probability measures {Pg, 8 € ©®} dominated

by a o-finite measure v, with densities of the form

foly, z |x) = ﬁ [g ay(y:) exp (6, gi(x;, yi*))]

N1 N (1)
X H H az(z;) exp (0; hij(x, y7, v, z))] :

i=1 j=i+1

e ay : Y; — [0,+00) and ay : Z;; — [0,+00) are known functions of responses Y; of

units ¢ € P; and connections Z; ; of pairs of units {7, j} C Pn;

e g, - X; xY; — R are known functions describing the relationship of predictors x;

and responses Y; of units ¢ € Py, which can depend on ;

o hj;: X xY;xY; xZ— R"are known functions specifying how the responses and
connections of pairs of units {i,j} C Py depend on the predictors, responses, and

connections to other units, which can depend on ;
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e 0 := (6,0, € O is a parameter vector of dimension p = ¢ + r, where ® = {0 €
R? : () < oo} and ¢ : © = (0, +o0] ensures that [, , fo(y,z|x)dv(y, z) = 1,

with the dependence of ¢ on x suppressed;

e 1 is a o-finite product measure of the form

v(y,z) = [HW(%)] [1:[ 11 Vz(zi,j)],

i=1 j=i+1

where vy and vy are o-finite measures that depend on the support sets of responses

Y; and connections Z, ; (e.g., Lebesgue or counting measure).

Remark: Importance of Additional Structure. To respect real-world constraints
and facilitate theoretical guarantees, joint probability models for dependent responses and
connections (Y, Z) | X = x should leverage additional structure, e.g., local dependence
structure. For one thing, units in large populations may not be aware of most other units
in the population, so it is not credible that the responses and connections of units depend
on the responses and connections of all other units in the population. In addition, mod-
els permitting strong dependence among the responses and connections of all units in the
population may suffer from model near-degeneracy (Handcock, [2003; Schweinberger] 2011;
Chatterjee and Diaconis|, 2013). By contrast, Stewart and Schweinberger| (2025) demon-
strate that leveraging additional structure to control dependence can lead to theoretical
guarantees. Motivated by these considerations, we assume that each unit ¢ € Py has a
known set of neighbors N; C Py, which includes ¢ and is independent of connections Z,
and that the dependence among responses and connections (Y, Z) | X = x is local in
the sense that it is limited to overlapping neighborhoods. We provide examples of joint
probability models for (Y, Z) | X = x with local dependence in Sections [2.2] and [6.1]

Remark: Fixed versus Random Design. In line with the bulk of the literature

on regression models, we consider a fixed design: We view predictors X and neighbor-
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hoods Ni,..., Ny as exogenous and known, and we do not make assumptions about
the mechanism generating them. Thus, Equation specifies the joint probability den-
sity function of responses and connections (Y, Z) conditional on predictors X = & and
neighborhoods Ny,...,Ny. If X and Ni,..., Ny were random, the conditional model
for (Y,Z) | X = @, Ny,..., Ny could be combined with marginal models for X and
N1, ..., Ny. In the social media application in Section [6] the neighborhoods are fixed and
known: The neighborhoods of users are the sets of followees, because users choose whom to
follow and hence who can influence them, and these choices are observed. If the neighbor-
hoods were unobserved, one could view them as unobserved constants (if neighborhoods
were fixed) or unobserved variables (if neighborhoods were random) and learn them from
attributes (X,Y’) or connections Z. The problem of how to learn neighborhoods is an

open problem and constitutes a promising avenue for future research.

2.1 GLM Representations

The proposed joint probability models of (Y, Z) | X = « can be viewed as generalizations
of Generalized Linear Models (GLMs) (Efron, [2022). GLMs form a well-known, inter-
pretable, and widely applicable statistical framework for univariate responses Y; € Y, given
predictors x; € R? (d > 1), including logistic regression (Y; € {0,1}), Poisson regression

(Y; € {0,1,...}), and linear regression (¥; € R). GLMs are characterized by two properties:

1. Conditional mean: The conditional mean f;(n;) == E,,(Y; | @;) of response Y; € Y,
conditional on predictors x; € R? with weights 3 € R?, is a (possibly nonlinear)

function of a linear predictor 7; :== 3" x;.

2. Conditional distribution: The conditional distribution of response Y; is an exponential

family distribution with a known scale parameter ¢ € (0, +00), which admits a



density with respect to a o-finite measure vy of the form

i Yi — bi(mi
) = ayty) exp (2R,
with cumulant-generating function

bi(n;) = ¥ 1og/ ay(y) exp <%) dvy(y).

i

The conditional mean p;(n;) can be obtained by differentiating b;(n;):

wi(n:) = Vy, bi(n;) (Corollary 2.3, |Brown, 1986, pp. 35-36).

The relationship to GLMs facilitates the interpretation and dissemination of results.

The following proposition clarifies the relationship to GLMs.

Proposition 1: GLM Representation of Conditionals. Consider any pair of
units {i,j} C Py (i < j) and assume that g; and h;; are affine functions of y; for any
given (x, y—_;, z) € XxXY_; xZ, in the sense that there exist known functions g; o : X; — RY,
Gin : X = R, hjo: XxY; xZ—=R", and h;j1: X xY; x Z+— R" such that

*

9i(®@i, y7) = gio(®:) + gia(@:) y;
hi (2, y5, Y7, z) = hijo(z, Y7, z) + hija(x, Y7, ) yy.
Then the conditional distribution of response Y; | (X, Y_;, Z) = (x, y_;, ) by unit i can

be represented by a GLM with linear predictor

R P SR
JePn\{i}

and cumulant-generating function

ie; ) iia
bi(n:(0; =, Yy, 2) = wlog/ay(y) exp (n( mz ?) y) dy(y).

Yi

To ease the notation, we henceforth write 7; instead of 7;(0; =, y*,, ).

Proposition [1|supplies a recipe for representing the conditional distribution of responses
Y; | (X7 Y—ia Z) = (ma Y—i, Z) by a GLM:

10



1. Conditional distribution: The conditional distribution of response Y; is an exponential
family distribution, which can be represented by a GLM with conditional mean p;(n;),

linear predictor 7;, and scale parameter .

2. Conditional mean: The conditional mean p;(n;) = E,,(Y; | , y_;, 2) can be obtained
by differentiating b;(n;): pi(n:;) = V,, bi(n;). Since the map 7; — f; is one-to-one and

invertible (Theorem 3.6, Brown, |1986| p. 74), 7; can be obtained by inverting ;(n;).

Thus, the proposed regression framework for dependent responses and connections
(Y,Z) | X = x inherits the GLM advantages of being interpretable and widely appli-
cable, without assuming that responses or connections are independent. As a result, the

proposed regression framework can be viewed as a generalization of GLMs.

2.2 Example: Model Specification

We showcase how a joint probability model for dependent responses and connections
(Y, Z) | X = « with local dependence can be constructed, leveraging additional structure
in the form of overlapping neighborhoods Ny, ..., Ny to control the dependence among
responses and connections in small and large populations.

We focus on units ¢+ € Py with binary, count-, or real-valued predictors x; € X; and
responses Y; € Y; and binary connections Z; ; € {0,1}. Starting with g;, we capture the

main effect of ¥;* and the interaction effect of x; and Y;* by specifying g; as follows:

vy yr
0, = e R g = e R (2)

*

Bx,’a ZiY;

Turning to A, ;, we define neighborhood-related terms

Ci,j = ]]-(Nz N Nj 7é @)7 d@j(Z) = ]]_(3 k - Nz N Nj Rk = ZkJ‘ = 1) <3>

11



To capture unobserved heterogeneity in the propensities of units to form connections, we
introduce the N-vector oz = (az1,...,azn) € RY. In addition, we penalize connections
among units ¢ and 7 with non-overlapping neighborhoods and capture transitive closure

along with treatment and outcome spillover by specifying h; ; as follows:

(854 €ijZij
A —(1—c¢ij) zi;log N
On =1 12z €RYH, hij = dij(2) 21 € RV, (4)
V9,2 cij Tyl +3597) 2
V.92 CigYi Yj Zij

where e; ; denotes the N-vector whose whose 7th and jth coordinates are 1 and whose other
coordinates are all 0. The parameters ayz 1, ..., az ny can be interpreted as the propensities
of units 1, ..., N to form connections; A > 0 discourages connections among units with non-
overlapping neighborhoods; 7z 7 quantifies the tendency towards transitive closure among
connections; and 7y yz and 7yy capture treatment and outcome spillover, respectively.
Sections and demonstrate that the interpretation of these effects is facilitated

by the fact that the conditional distributions of ¥; and Z; ; can be represented by GLMs.

2.2.1 GLM Representation of Responses Y;

To interpret the model specified by Equations and , we take advantage of the fact
that the conditional distribution of response Y; | (X, Y_;, Z) = (x, y_;, 2) by unit i can

be represented by a GLM with linear predictor

ni = ay+ Pry i+ Yryz Z TjZij + V99,2 Z Yj % (5)
F NN, #0 FNiNN; #0

Figure (1| depicts the predictors, responses, and connections that affect the conditional

distribution of response Y;. We provide three specific examples, depending on the support
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Figure 1: Given N = 3 units 1, 2,3 with neighborhoods Ny := {1,2}, Ny :={1,2,3}, and
Nj = {2,3}, the arrows indicate which predictors, responses, and connections can affect

the response Y; of unit 1 according to the model specified by Equations and .

set of response Y;.

Example 1: Real-valued Responses Y; € R. Let ¢ € (0,+00) and

1 2
a%(yz) = \/m exp (_ Qy;D) H(yz € R)

1. Conditional distribution: The conditional distribution of response Y; is N (u;(n;), ©).

2. Conditional mean: The conditional mean p;(n;) can be obtained by differentiating

bi(mi) = 07/ 2 with respect to 7;, giving p;(n;) = n;:

w(n) = ay+PBrywi+yxyz >, Tzt wsr Y, Yl
]szNjfw ]:NZQNJf@

Under certain restrictions on vyy 2, the conditional distribution of ¥ | (X,Z) =
(@, z) is N-variate Gaussian. The restrictions on vy y > depend on the neighborhoods
N; and N; and connections Z; ; of pairs of units {i,j} C Py; see Proposition [2| in

Section [A] of the Supplementary Materials.

Example 2: Count-valued Responses Y; € {0,1,...}. Let ) := 1 and

ay(y) = % Iy € {0,1,...}).

(2
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1. Conditional distribution: The conditional distribution of response Y; is Poisson(u;(7;)).

2. Conditional mean: The conditional mean p;(n;) can be obtained by differentiating

bi(m:) = exp(n;) with respect to n;, giving 1;(1;) = exp(n;)-
Example 3: Binary Responses Y; € {0, 1}. Let ¢ := 1 and ay(y;) == I(y; € {0,1}).
1. Conditional distribution: The conditional distribution of response Y; is Bernoulli(g;(7;)).

2. Conditional mean: The conditional mean p;(n;) can be obtained by differentiating

b;(n;) = log(1 + exp(n;)) with respect to n;, giving p;(n;) = logitfl(m).

Interpretation of Examples. According to Equations and , regardless of
the conditional distribution of response Y;, ay can be viewed as an intercept, while Sy y
captures the relationship between predictor z; and response Y;. The parameters vy y 2 and

Vy.y,2 capture two distinct spillover effects:

o Treatment spillover: yxy 2 # 0 allows the outcome Y; of unit i to be affected by the
treatments x; of its neighbors j € N; and non-neighbors j & N;, provided N; " N; # 0

and i and j are connected (see Figure [1)).

o Qutcome spillover: vyyyz # 0 allows the outcome Y; of unit ¢ to be affected by the
outcomes y; of its neighbors j € N; and non-neighbors j ¢ N;, provided N; N N; # ()

and ¢ and j are connected (see Figure [1)).

The proposed regression framework can be used for causal inference under network interfer-
ence, which studies treatment spillover. That said, the framework is considerably broader,

because it permits outcome spillover, and spillover need not be studied in a causal setting.
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2.2.2 GLM Representation of Connections Z; ;

The conditional mean 4 ;(n;;) = E,, (Z;; | ®, y, z_g;3) = logit™ (n;;) of connection

Z; j € {0,1} depends on the linear predictor

Nij = 0zi+az; — (1= ¢ij) Nog N +¢ij [v2,2 D j(2) + Yryz (@ Y] + 25 97) + vz v v} S

where A;; : Z — R is the change in Zi\;b dap(z) due to transforming z; ; from 0 to 1.
The logistic regression representation of Z;; | (X,Y,Z_y; ;) = (x,y,2_(;) facilitates
interpretation: e.g., oz, captures heterogeneity among units ¢ in forming connections. If
A > 0, the sparsity-inducing term —(1—¢; ;) A log N penalizes connections between pairs of
units with non-overlapping neighborhoods, where the log N-term can be motivated in the
special case of Bernoulli random graphs (Krivitsky et al., 2023)): If Z, ; ~ Bernoulli(r) and
the expected degrees E Z;VZI Z; ;j are bounded, then 7 = O(1/N) and logit(7) = O(log N).
In addition, the model captures three forms of dependencies. First, the model encourages
v and j to be connected when ¢ and j are both connected to some &k € N; N N;, provided
N; N N; # 0 and 72,2 > 0. Second, the model encourages i and j to be connected when
z;y; >0 or z;yf > 0, provided N; N N; # 0 and vxyz > 0. Third, the model encourages

i and j to be connected when yF ¥ > 0, provided N; N N; # § and yyyz > 0.

3 Scalable Statistical Computing

To learn the regression framework from a single observation (y, z) of dependent responses
and connections (Y, Z) | X = x, we develop scalable methods based on convex optimiza-

tion of pseudo-likelihoods using minorization-maximization methods.
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3.1 Pseudo-Loglikelihood

Let
N N—-1 N
i=1 i=1 j=i+1

where the dependence on predictors € X is suppressed and ¢; and ¢; ; are defined by

((0;y, z) = log fo(yi|y—i, z) and Ez’,j(HQ y,z) = log f@(zi,j |y, z—{i,j})'
The pseudo-loglikelihood ¢ is based on full conditional densities of responses Y; and connec-
tions Z; ; and is hence tractable. In addition, £ is a sum of exponential family loglikelihood

functions ¢; and ¢; j, each of which is concave and twice differentiable on the convex set ©

(Brown, 1986, Theorem 1.13, p. 19 and Lemma 5.3, p. 146), proving Lemma :

Lemma 1: Convexity and Smoothness. The set © is conver and the pseudo-
loglikelihood function £ : © +— R, considered as a function of 0 for fived (y,z) € Y x Z, is

twice differentiable with a negative semidefinite Hessian matriz on ©.

In light of the tractability and concavity of ¢, it makes sense to base statistical learning

on pseudo-likelihood estimators of the form

Ofy) = {0 €O: |Vol(8;y, 2)|e < In}, (7)

where Vg denotes the gradient with respect to @ while |v|. = maxj<g<, |vk| denotes the
l~-norm of vectors v € RP. The quantity dy € [0,+00) can be viewed as a convergence
criterion of a root-finding algorithm and can depend on N. The set (:)(5]\;) consists of

maximizers of ¢ when dy = 0, and maximizers and near-maximizers when ¢y > 0.

3.2 Minorization-Maximization (MM)

While pseudo-likelihood estimators 8 € ©(dy) can be obtained by standard root-finding

algorithms, inverting the p x p negative Hessian of ¢ at each iteration is time-consuming,
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because inversions require O(p?) operations and p can increase with N. We thus divide
the task of estimating p parameters into two subtasks using MM methods (Hunter and
Lange), 2004)). In the example model specified by Equations (2]) and (4] for binary, count-,
or real-valued predictors and responses (X;,Y;) and binary connections Z; ;, we partition
0 € RY*% into N nuisance parameters, 6 = (agzy, ..., azy) € RV, and 6 parameters
of primary interest, 6y = (), ay, Bxy, V2.2, Yxy2s Vyy2z) € RS We then partition the

negative Hessian of ¢ accordingly:
—Vi 00y, z) = , (8)

where A(0) € RVVN B(6) € RV*5 and C(0) € R®*6. We suppress the dependence of
A(6), B(0), and C(0) on (y, z) and henceforth write £(01, 0,; y, z) instead of £(0; y, z).

Iteration t + 1 then consists of two steps:
Step 1: Find 0§t+1) satisfying €(0§t+1), Gét); Y, z) > 6(0 : Oét); Y, 2).
Step 2: Find 61" satisfying (8", 6{1Y: y, z) > E(OYH), 0§t); Y, 2).

In Step 1, it is inconvenient to invert the high-dimensional N x N matrix

N
A(Q(t)) = — Z Vgl &-7]-(01, O;t); Yy, z ’ Zﬂ—(t) z] ez] e;rj’ (9)
1<j 1<J

where Wf? = Powy(Zij = 1|y, z_g;3). We thus increase ¢ by maximizing a minorizer of

¢, replacing A(0") by a constant matrix A* that only needs to be inverted once.

Lemma 2: Minorizer. Define

N
1 Z T
= Z BZJ Bz’j —

1<j

(N=2)T+11"] = {% <I—2N1_211T)]1,

o |
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where I 1s the N x N identity matriz and 1 is the N-vector of ones. Then the function

t t
057 27y7 )

(
( 017 27y7 )0_
1
2

(6, — 0)T (—A*) (6, — 61"

(017 0 ) eét)u Yy, Z)

+

15 a minorizer of £ at 6 () for fized 0 , in the sense that
m(0:; 0\, 0%y, z) < 06,6y, z) forall 6, €RY,

Lemma [2] is proved in Section [B| of the Supplementary Materials. Step 1 may be imple-

mented by an MM algorithm, as the closed-form maximizer of the minorizer m is

6" = o\ 4 (A (Vel 00.,65: . z)‘01=0“)) . v

We accelerate the MM step in Equation with quasi-Newton methods. Details can
be found in Section [E] of the Supplementary Materials. Compared to a Newton-Raphson
algorithm, the accelerated MM-step reduces the per-iteration computational complexity
from O(N?3) to O(N?). Step 2 updates the low-dimensional parameter vector of interest
Oét—&-l)

€ RS given the high-dimensional nuisance parameter vector OYH) € RY by a Newton-

Raphson step. The concavity of ¢, established in Lemma [} guarantees that

009,09y, z) < 00", 00y, z) < O/, 0t y, 2).

3.3 Quantifying Uncertainty

The uncertainty about the maximum pseudo-likelihood estimator 6 of the data-generating
parameter vector @* can be quantified based on the covariance matrix of the sampling

distribution of §, which we derive as follows: The mean-value theorem for vector-valued
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functions (Ortega and Rheinboldt, 2000, Equations (2) and (3), pp. 68-69) implies that

there exist real numbers ¢4,...,%, € (0, 1) such that

Volliy,2)| ~Voll®:y 2| = HO 6y2@0-0) 1)

where
gi(0" +1. (6 — 6%); y, 2)
H(0. 0%y, 2z) =
9,(0" +1,(0 — 0%); y, 2)
Here, gi(0; y, z) is the kth coordinate of Vg ¢(0; y, z) and ¢,.(0; y, z) is the row vector of
partial derivatives of g, (0; y, z) with respect to @ (k =1,...,p). Leveraging Equation

along with Vg £(0; y, z)|,_5 = 0 gives the exact covariance matrix 6:

~

Vo (8) = Vi [-H(é, 0% Y,Z)" Ve ((6: Y, Z)‘HJ.

If N is large, @* can be replaced by 8, because |6 — 6*| is small with high probability

according to Theorem |1|in Section . The resulting approximation of Vg.(0) is

-~ -1
Vs0) = V5 [—vz (Y. 2)| Va6 Y, Z>\BZ§}, (12)

0—
which can be estimated by simulating responses and connections (Y, Z) | X = x from Py
using Markov chain Monte Carlo methods.

Remark: Asymptotic Distribution. Establishing asymptotic normality for pseudo-
likelihood estimators based on a single observation of dependent responses and connections
(Y,Z) | X = « in scenarios with p — oo parameters is an open problem. Asymptotic
normality results in the most closely related literature—the literature in applied proba-
bility concerned with Ising models, Gibbs measures, and Markov random fields in single-
observation scenarios (e.g., |Jensen and Kiinsch| |1994; Comets and Janzura, [1998)—assume

the presence of lattice structure and a fixed number of parameters p, in addition to other
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assumptions motivated by applications in physics. In the current setting, none of these
assumptions holds, although simulation results in Section [5|suggest that the sampling dis-
tribution of @ is approximately normal and that normal-based confidence intervals based

on Equation achieve close-to-nominal coverage probabilities.

4 Theoretical Guarantees

We establish convergence rates for pseudo-likelihood estimators @)(5 ~) based on a single
observation of dependent responses and connections (Y, Z) | X = . To cover a wide
range of models for binary, count-, and real-valued responses and connections, we introduce
a general theoretical framework and showcase convergence rates in a specific example.

We denote by 8* € ©® C RP the data-generating parameter vector and by B (0*, p) =

{6 e R?: |6 — 0*|_ < p} a hypercube with center * € ©® and width 2 p € (0,400). Let
I(S) = {(y, z) €Y x Z: =V {(0; y, z) is invertible for all € S}
and, for some €* € (0,400) and H C I (B (0*, €")), let

An(87) = sup S0P I(=V5 €6: y, 2)) o,

(y,2) €H O EBoo(6*,¢*
where ||.||o is the lo-induced matrix norm. The set H can be a proper subset of I (B (6%, €)),
provided H is a high probability subset of Y x Z. The definition of JH is motivated by the
fact that characterizing the set of all (y, z) € Y x Z for which the Hessian is invertible can

be challenging, but finding a sufficient condition for invertibility is often possible.

Theorem 1: Convergence Rate. Consider a single observation of (Y, Z) €Y x Z
generated by model with parameter vector @* € @ C RP, where Y x Z is a finite, count-
ably infinite, or uncountable set. Assume that there exists a sequence py, pa, ... € [0, 400)
satisfying pn = o(1) so that the events |Vg (0;Y ,Z)|g—e-—E Vo £(0; Y, Z)|g=0 |00 < In
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and (Y, Z) € H occur with probability 1 — o(1), where o = pn/(2AN(0%)). Then there
exists a positive integer No such that, for all N > Ny, the random set @((5]\7) 18 non-empty

and, with probability 1 — o(1), satisfies

~

@((5]\7) Q Bm(e*, pN).

Theorem [I] is proved in Section [C] of the Supplementary Materials. The requirement

dn = pn/(2AN(0%)) implies py x oy Ax(60*), so the convergence rate depends on

e the strength of concentration of the gradient Vg £(0; Y, Z)|g—e- around its expecta-

tion EVQ E(O, Y, Z)|3:9* via 51\7;

e the inverse negative Hessian (—V3 £(0; y,z))™' in a neighborhood B..(6*, €*) of

0* € © and a high probability subset (y,z) € H of Y x Z via Ay (6*).

The strength of concentration of Vg £(0; Y, Z)|g—g+ can be quantified by concentration
inequalities for dependent random variables. In general, the strength of concentration de-
pends on the sample space and the tails of the distribution, the smoothness of the functions
g; and h; ;, and the dependence induced by model . To control the dependence among
responses and connections (Y, Z) | X = x, one can take advantage of additional structure
(e.g., one or more neighborhood structures, non-overlapping or overlapping subpopulations,
or a metric space in which units are embedded). For example, each unit can have one or
more neighborhoods (e.g., geographical neighbors and colleagues in the workplace), and
the responses and connections of the unit can be affected by any geographical neighbor
and any colleague. Theoretical guarantees can be obtained as long as the neighborhoods
are not too large and do not overlap too much.

Specific convergence rates depend on the model. To demonstrate, consider predictors

x; € R, responses Y; € {0,1}, and connections Z; ; € {0, 1} generated by a model captur-
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ing heterogeneity in the propensities oz 1, ..., az y of units 1,..., N to form connections,
transitive closure among connections with weight ~; 2, and treatment spillover with weight
Yx.y.2; compare Equations and in Section [2.2] Since Y; € {0,1} and Z;; € {0, 1}, it
is reasonable to specify ay(y;) == I(y; € {0,1}) and az (2 ;) =1(z,; € {0,1}). Convergence

rates can be obtained under the following conditions.

Condition 1: Predictors. There exist finite constants 0 < ¢ < C such that, for each

i € Py, x; € [0, C] and there exists j € Py \ {i} such that N; N N; # 0 and z; € [¢c, C].

Condition 2: Parameters. The parameter space is @ = RN*2 and there exists a

constant A € (0,4+00), not depending on N, such that |0*|, < A.

Condition 3: Dependence. The population P consists of overlapping subpopulations
Aq, Ao, ..., which can be represented as vertices of a subpopulation graph G4 with an edge
connecting Ay and Ay if A, 0 Ay # 0 (k <1). For each Ay, the number of subpopulations

at geodesic distance K in G4 is O(log K). For each i € P;, the neighborhood is

N; = {j € Pn: there exists k € {1,2,...} such thati € A, and j € Ax}.
There exists a constant B € (0, +00) such that max <<y |N;| < B.

Condition || imposes restrictions on & € RY. Condition [2| requires that the data-
generating parameter vector @* be contained in a compact subset of ® = R¥*2, The set
of estimators (:)((5]\/) is not restricted by Condition [2| and consists of all § € RY¥*2 such
that |[Vg €(0;Y,Z)|o < 6n. Condition [2[ can be weakened in special cases, allowing
16" = O(log N); see Section of the Supplementary Materials. Condition (3| controls
the dependence among responses and connections (Y, Z) | X = x and can be weakened to
maxi<;<n |N;| = O(log N), as demonstrated by [Stewart and Schweinberger| (2025)) in the

special case of connections Z (without predictors X and responses Y').

22



Corollary 1: Example of Convergence Rate. Consider a single observation of
dependent responses and connections (Y, Z) generated by the model with parameter vector
0% = (a4, ..., 04Ny Vho Yayz) € RVT2If Conditions ﬁ hold, there exist constants
K € (0,400) and 0 < L < U < 400 along with an integer Ny € {3,4,...} such that, for

all N > Ny, the quantity dn satisfies

LVNlogN < oy < Uy/Nlogh,

and the random set @(5]\;) is non-empty and satisfies

_ log N
O(y) C B (9*,}( Ojgv )

with probability at least 1 — 6 /N2

Corollary [1] is proved in Section [D] of the Supplementary Materials. The same method
of proof can be used to establish convergence rates for pseudo-likelihood estimators (:)(5 N)
based on other models for dependent responses and connections (Y, Z) | X = x, provided

there is additional structure to control the dependence among responses and connections.

5 Simulation Results

To evaluate the performance of pseudo-likelihood estimators 6 é(é ~) and the accom-
panying uncertainty quantification, we simulate data from the example model specified by
Equations and . The coordinates of the nuisance parameter vector, 87 = (042,17

.., a3 y) € RY, are independent Gaussian draws with mean —3/2 and standard devi-
ation 3/10. The parameter vector of primary interest, 85 = (\*, af, By V220 Yy
Yiyz) € RS, is specified as (1/5, —1, 3, 4/5, 1/2, —1/2). The sparsity parameter \* = 1/5

ensures that each unit has on average approximately 30 connections, regardless of the value
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Figure 2: Simulation results based on 1,000 replications. Left: Statistical error | — 6*|o
of maximum pseudo-likelihood estimator @ € RN+6 as a function of N. Right: Kernel
density estimators of Z-scores (A—A*)/S.E.(A), (ay —ay)/S.E.(ay), (B\xg —ﬁiy)/S.E.(B\x’y),
(V22 =72.2)/S-E.(G22), (Gxyz— Y5y 2)/S-E.(Gxyz), and (Yyyz —¥y2)/S-E.(Fyyz) based

on N = 500 units, where the dashed line corresponds to the standard normal density and

CP is the coverage probability of interval estimators with nominal coverage probability .95.

of N. The neighborhood structure is based on L = (/N —25)/25 intersecting subpopulations
Ai, ..., A, where A; consists of the 50 units 1 +25(—1),...,25(I+1) (I=1,...,L—1).
For each i € Py, we define the neighborhood N; C Py to be the 50- or 75-unit union of all
subpopulations A; containing 2.

In Figure 2| the left panel shows that ”5 — 0" decreases as N increases. The right
panel depicts the empirical distributions of the standardized univariate estimators and the
empirical coverage probabilities, demonstrating that the covariance estimator in Equation
appears accurate and normal-based inference seems reasonable. As discussed in Section

[T, comparisons to other estimation approaches are infeasible due to their lack of scalability.
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6 Hate Speech on X

We analyze posts of U.S. state legislators on the social media platform X in the six months
preceding the insurrection at the U.S. Capitol on January 6, 2021 (Kim et al.; 2022), with a
view to studying how hate speech depends on the attributes of legislators and connections
among them. Using Large Language Models (LLMs), we classify the contents of 109,974
posts by N = 2,191 legislators as “non-hate speech” or “hate speech,” as explained in
Section [G]of the Supplementary Materials. The response Y; of legislator ¢ indicates whether
¢ released at least one post classified as hate speech. We use four covariates: z;; indicates
that legislator i’s party affiliation is Republican, z;o indicates that legislator ¢ is female,
x; 3 indicates that legislator ¢ is white, and z; 4 is the state legislature that legislator i is a
member of (e.g., New York). The directed connections Z; ; are based on the mentions and
reposts exchanged between January 6, 2020 and January 6, 2021: Z; ; = 1 if legislator ¢
mentioned or reposted posts by legislator j in a post. To construct the neighborhoods N;
of legislators ¢, we exploit the fact that users of X choose whom to follow and that these

choices are known, so N; is defined as the union of {i} and the set of users followed by i.

6.1 Model Specification

To accommodate binary responses Y; € {0,1} and connections Z;; € {0,1} that are di-

rected, i.e., Z; ; may not be equal to Z;;, we consider a model of the form

[ N
foly, z| @) o |[Jav(wi) exp(8, gi(:, yz))]
- (13)

N N
X H H ag, Zzg eXp(eh hi,j(mv yz*v ij Z))] s

Li=1 j=1, j#i

where y} == y;/¢ = y; because ¢ = 1 when Y; € {0,1}; see Example 3 in Section [2.2.1]

Since y = y;, we henceforth write y; instead of y;.
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Using the definitions of ¢; ; and d; ; in Equation , we specify g; and h; ; as follows:

Qy Y;
09 = y G = ) (14>
Bxym, m=1,2,3 TimYi, m=1,2,3
a2 0 € Zij
Q.1 €5 Zij
A —(1 — Ci,j) Zij lOg N
Yx,2,1 Cij Til Zij
0, = Yx,2m, M= 2,3, 4 ) h’i,j = Cij H<xi7m = x]}m) Zij, M= 2,3, 4 ’ <15>
V9,2 CijYj Zij
1
Vz,2,1 5 i, %
2
V2,2,2 di j(2) 2i
Vx,Y.2 Ci,j Li,1 Yj Zi5

where the ith coordinate of N-vector e; € {0,1}" is 1 and all other coordinates are 0. Here,

azo = (az01,..-,az20n) € RY quantifies the activity of legislators 1,..., N, i.e., their
tendency to mention or repost posts of other legislators; az ;== (azr1,...,Qz21N) € RN
quantifies the attractiveness of legislators 1,..., N, i.e., the tendency for other legislators

to mention or repost posts by them; A > 0 discourages connections between legislators
with non-overlapping neighborhoods; yx 2.1, .., 7x,24 € R capture the effects of covariates
Ti1,-..,Ti4 ON connections Z; ;; yy2 € R is the weight of the interaction of Y; and Z; ;;
7221 € R quantifies the tendency to reciprocate connections; vz22 € R quantifies the
tendency to form transitive connections; and vy y 2, captures spillover from covariate z; ; on
response Y; through connection Z; ;; note that the spillover effect should not be interpreted
as a causal effect, because the party affiliations x;; of legislators 7 are not under the control

of investigators (Kim et al., [2022). Since S, Z;; = Zjvzl Z; ; with probability 1, we set
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Table 1: Maximum pseudo-likelihood estimates and standard errors based on the model

specified by Equations and .

Weight Estimate Standard Error Weight Estimate Standard Error

oy —.893 134 yzza 2.57 033
Bxyi —.257 05 vz ze 604 .037
By .069 094 yxza —.007 07
Bxy3 —.034 127 yxzo 236 016
v,z 035 005 Yyzs 756 025

V¥ Y.z 038 013 yx z4 4.729 .049
A 184 .006

az v = 0 to address the identifiability problem that would result if all az 0, and oz 1 ;
were allowed to vary freely. These model terms were chosen based on domain knowledge,
because model selection is an open problem: For instance, the statistic ¢; j x;1y; 2;,; with
weight vy y 2 is included to assess whether the party affiliation z;; of state legislators 4
affects posts y; of state legislators j who are connected (z; ; = 1) and whose neighborhoods
overlap (¢;; = 1). In practice, data scientists can consult domain experts to make informed
choices regarding model specifications.

The specified model is estimated by an extension of the algorithm in Section to

directed connections; see Section [F] of the Supplementary Materials.
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6.2 Results

To interpret the results, we exploit the fact that the conditional distributions of responses

Y; and connections Z; ; can be represented by logistic regression models, with log odds

Py(Y; = 1 | others)

1
Bz Pe(Y; = 1 | others)

3
= oy -+ Z Bx.Y,m Tigm + Z (V.2 + Y.z Tjn) 2
m=1 leﬁNjfm

and

Po(Z;; = 1| others)
1 —Py(Z; ; = 1| others)

1
= azo0i+tanr;j+=7221% — (1 —cij)Alog N

1
og 5

4
+ G (72,1,2 Aij(2) +vx 21 Tin + Z Y, zm W&Tim = Tjm) + W2 Y5 +¥0y,2 Tin yj) :

m=2

For instance, the positive sign of Jxy 2 = .038 suggests that the more Republicans interact
with legislator ¢, the higher is the conditional probability that legislator ¢ uses offensive text
in a post, holding everything else constant. Alternatively, one can interpret Jy y 7 in terms
of the conditional probability of observing a connection: The positive sign of Yy y 2 = .038
indicates that Republican legislators are more likely to interact with legislators who post
harmful language. Other estimates align with expectations. For example, serving for
the same state is the strongest predictor for reposting and mentioning activities (xz4 =
4.729), while matching gender (Jy 22 = .236) and race (Jx 23 = .756) likewise increase the
conditional probability to interact. At the same time, connections affect other connections:
For example, forming a connection that leads to a transitive connection is observed more

often than expected under the model with vy 2 o = 0, holding everything else constant.

6.3 Model Assessment

We assess the model using model-based predictions of (Y, Z) | X = x. First, we focus on
the subnetwork of all pairs of legislators {i,j} C Py with ;; =Y; =1 and N; N N; # 0,

with a view to assessing how well the interplay of z; 1, Y, and Z; ; can be represented by
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Figure 3: Model-based predictions of spillover in- and out-degrees of U.S. state legislators in
the subnetwork with ¢ being Republican, j using offensive language, and the neighborhoods
of i and j overlapping, i.e., z;; =Y; =1 and N; N N; # (. By construction, the possible
connections in the subnetwork act as potential channels of spillover. The spillover in-
and out-degrees are defined as the respective degree of a unit in the subnetwork with
;1 =Y; =1and N; N N; # (. The observed spillover in- and out-degrees are shown by

solid lines with overlaid points.

Table 2: Comparison of maximum pseudo-likelihood estimates based on the logistic regres-
sion model for Y; | X; = «; without network interference and the joint probability model

for (Y, Z) | X = « with network interference.

ay Bxy1 Bxyz2 Bxys

Without network interference —.101 (.103) —.235 (.097) .032 (.093) —.169 (.113)

With network interference —.803 (.134) —.257 (.105) .069 (.094) —.034 (.127)

the model. Figure |3 shows that the model captures the effect of x;; on Y; among pairs of
legislators {i,j} C Py with N; N N; # (). Second, we compare predictions of responses

Y; based on models with and without network interference. Predictions without network
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Figure 4: Comparing model-based predictions of Y; | X; = @; without network inter-
ference (solid) to model-based predictions of Y; | (X,Y_;, Z) = (x,y_;, z) with network
interference (dashed) based on the area under the curve (AUC). Sensitivity is the true
positive rate, the fraction among legislators predicted to make offensive posts who actually
do so. Specificity is the true negative rate, the fraction among legislators predicted not to

make offensive posts who actually do not do so.

interference are based on the logistic regression model for Y; | X; = x; with weights av,
Bxy1, Bxy2, and By y 3, which assumes that the posts Y; of legislators ¢ are independent and
do not depend on the connections Z among the legislators. By contrast, predictions with
network interference are based on the joint probability model for (Y, Z) | X = @« specified
by Equation , which allows the posts Y; of state legislators ¢ to be affected by the posts
Y; of connected legislators j whose sets of followees overlap. Figure 4 demonstrates that
predictions based on models with network interference outperform those without network
interference, suggesting that posts of connected state legislators with overlapping sets of
followees are interdependent. Table [2| compares estimates of oy, By y1, Bxy2, and By y3
based on models with and without network interference. While both models agree on the

signs of parameter estimates, the estimates of By y o and Sy y 3 differ by a factor of 2 and
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5, respectively, suggesting that network interference affects parameter estimates. Third,
we demonstrate in Section of the Supplementary Materials that the model preserves

salient features of connections Z.

7 Discussion

The proposed regression framework is flexible, allowing data scientists to specify a wide
range of models for dependent responses and connections (Y, Z) | X = .

The large set of possible models raises the question of how data scientists can select a
model from a set of candidate models. While model selection for independent responses
Y; | X; = x; is well-established and model selection for independent connections Z | X = x
is an active area of research (e.g., [Wang and Bickel, 2017; Wang et al., 2024} [Stein et al.|
2025), model selection for dependent responses and connections (Y,Z) | X = « with
p — oo parameters is an open problem. Two model selection ideas that hold promise
are those of Ravikumar et al| (2010) for high-dimensional graphical models for dependent
responses Y and those of (Chen and Chen (2012) for high-dimensional generalized linear
models for independent responses Y; | X; = @; based on the extended BIC.

Likewise, open questions remain in the realm of uncertainty quantification, as dis-
cussed in Section For example, a proof of asymptotic normality based on dependent
data remains elusive. A related avenue for future research is Godambe information: If
~-ViI00;Y,Z )|;i§ were constant, it could be pulled out of the approximate covariance
matrix in Equation (12), giving rise to Godambe information. Simulations suggest that
uncertainty quantification based on Godambe information achieves comparable accuracy
to the method reported here, while avoiding multiple matrix inversions.

The question of neighborhood recovery is another important direction for future re-
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search, as discussed in Section 2]

Supplementary Materials

The supplementary materials contain proofs of all theoretical results.
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A Proofs of Propositions [1] and

PROOF OF PROPOSITION [I] The joint probability density function of (Y, Z) | X = =

stated in Equation ({1f) in Section implies that the conditional probability density function

1



of V; | (X,Y.;, Z) = (x, y_;, ) can be written as
f Yi, Y—i, 2 | T
folyi | ®, y-i, 2) ol =)

/fe(y; Y, 2 | x)dry(y)
Yi

ay(y:) exp [ 0] gia(m)y; + |

JEPN\{i}

/ ay(y) exp | 0] gia(m)y + | >

Y, JePn\{i}

92 hi,j,l(wa y;a z) yr

0, hiji(z, y}, z) | y* | duy(y)

(8

B n:i(0; z, y*,, 2)yi — bi(n:(0; =, y*,, z))
= ay(y;) exp ,
where y* =y /v, yr = y; /v, and y*, = y_; /1, while

77i(0§ T, Y, z) =0 gi,l(wi), Z
JEePN\{i}

i 0, y tm
b 0; .y, 2) = o | ay(y)exp<n< . z)y)dw@).

h@j@((ﬂ, y} Z)

i

Proposition 2. Consider Example 1 in Section|2.2.1. Let U € {0,1}N*N be the N x N
matriz with elements

Wi, Cijzig = LN; NNy # 0)z 4, (A1)

and let v € RN be the N-vector with coordinates

v = ay+PBry T+ Y0y Z Ui j Tj.
€PN\ {3}
Denote by I the N x N identity matriz and define &yy o = yyyz/. If (I — &y U) is

(A.2)

positive definite, the conditional distribution of Y | (X, Z) = (x, z) is N-variate Gaussian

with mean vector (I — &yy 2 U)~ v and covariance matriz (I — &gy U) ™ .

Remark. The requirement that (I —&yy 2 U) be positive definite imposes restrictions

on 7vyyz. The restrictions on vyyyz depend on the neighborhoods N; of units ¢ € Py and

connections Z; ; among pairs of units {i,j} C Py.
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PROOF OF PROPOSITION 2 Example 1 in Section demonstrates that the condi-

tional distribution of Y; | (X, Y_;, Z) = (x, y_;, z) is Gaussian with conditional mean

EYi @, yi, 2) = ay+ Bryxi +Yxyz Z Uij Tj+ Vyy2 Z uij Yy

J€PN\{i} J €PN\ {i}
= vtz > wiy Y (A.3)
JE€PN\{i}
where
v; = oy + Pry i+ Yy Z Ui,j T
J€PN\{i}
and
7Y.4.2
Syyz = —
(G

The conditional variance of Y; | (X, Y_;, Z) = (x, y_;, 2) is

VVi|lx, yi2z) = 2. (A.4)

Let m = (m;) € RY be the conditional mean of Y | (X, Z) = (x, z). Upon taking

expectation on both sides of (A.3]) conditional on (X, Z) = (x, z), we obtain
m; = v +&yyz Z Ui My, (A.5)
JEPN\{i}

which implies that

v = m;—&yyz E Wi j M

JePn\{i}

and hence

E(Y; |, yoi, 2) = vit&yyz D Uiy

JE€PN\{i}
= mi—&ya Y wymit&yz Y Uiy
J€PN\{i} J €PN\ {i}
= mi+&yz Y, wiy (Y —my)
J€PN\{i}
= mi— > by —my), (A.6)
J€PN\{i}



where

bij = —&yyz Uij

By comparing Equations (A.4) and (A.6)) to Equations (2.17) and (2.18) of Rue and Held

(2005) and invoking Theorem 2.6 of Rue and Held| (2005)), we conclude that the conditional
distribution of Y | (X, Z) = (x, z) is N-variate Gaussian with mean vector m € R" and

RNXN

precision matrix P € with elements

1
— iti=y
" J

¥
provided u; ; = u;; for all i # j and P is positive definite; note that w;; = u;; is satisfied

in undirected networks with z; ; = z;;.

To state these results in matrix form, note that (A.5)) can be expressed as

m = v+&ys Um,
implying
m = (I-&y2U) " v,

while P can be expressed as

implying
P~ = (I -y U)
To conclude, the conditional distribution of Y | (X, Z) = (x, z) is N-variate Gaussian

with mean vector (I — &yyq U)™'v and covariance matrix ¢ (I — &y U)™!, provided

(I —&yyz U) is positive definite.



B Proofs of Lemmas 1 and

PROOF OF LEMMA [I] Lemmal(l]is proved in the sentence preceeding the statement of
Lemma [l in Section B.1l

PROOF OF LEMMA [2] Letting ®; denote the parameter space of 8y, suppose that
v : ©; — R is any twice differentiable function and that V?v(0) — M is non-negative
definite for all @ € ©; for some constant matrix M € R?*? (d > 1). Then the function

u: ©; — R given by

U(gl) = 0(00) + (01 — eo)T V’U(Qo) —+ %(91 — BO)TM(Ol — 90), 90 c @1

satisfies u(01) < v(0,) for all 8; € O, because Taylor’s theorem (Theorem 6.11, Magnus

and Neudecker, 2019, p. 124) gives

w(@;) —v(0y) = = (6, —0y)T |V20u(8) — M| (68, — 6,),

N | —

where 8 == ¢ 0y + (1 — $) 8, € ©, (¢ € [0, 1]). The inequality 1/4 > m,; (1 — m;;) implies
that

N N
1
ey -4 = X2 [Toa 0| esel

i=1 j=i+l

is non-negative definite. Lemma [l proves that 6 is concave and that the restriction of ¢(8)

to 0, has the properties of v(6;) stated above, proving Lemma .

C Proof of Theorem (1

Theorem [1|is a generalization of Theorem 2 of [Stewart and Schweinberger| (2025, abbrevi-
ated as 525) from exponential family models for binary connections Z to exponential family
models for binary, count-, and real-valued responses and connections (Y, Z) | X = x. We

henceforth suppress predictors € X.



PROOF OF THEOREM [1] Let s(0; y, z) == Vg £(0; y, z) and consider events
Clon) = {(y,2) €YxZ:[s(6"y,2)|, < in}

H C {(y,z)eYx2Z: —V3L0;y, z) is invertible for all 8 € B, (6*, ¢*)} .

Define
Any-(07) = sup  [[(=V50; y, 2)) e, (y,2)€XH
0 € Boo (0%, ¢*)
An(0%) = sup Any.(0).
(y,z)eH

It follows from results of S25 that s(8; y, z), considered as a function of @ € © for fixed

(y,z) € H, is a homeomorphism and is continuously differentiable.

In the event (Y, Z) € C(dy), the set ©(dy) is non-empty. By construction of the
sets C(dy) and ©(Jy), the set O(dy) is non-empty for all (y, z) € €(Jy), because O(dy)

contains the data-generating parameter vector * € © provided (y, z) € C(dy):
0- € O@y) = {0€O: [s(8;y,2)|, < on}.

In the event (Y, Z) € €(6y) N H, the set O(Jy) satisfies O(dy) C Boo(8*, pn)
provided N > N,. By assumption, there exists a sequence py, pa,--- € [0,+00) such
that py = o(1). Therefore, there exists an integer Ny € {1,2,...} such that py < € for
all N > Ny. Consider any N > N; and any (y, 2) € C(dx) N H. Since s7!(-; y, 2)
is continuous on O, there exists, for each (y, z) € H, a real number ey(py) € (0, +00)

(which depends on (y, z) € H) such that

|1s(60; y, z) —s(0% ¥y, 2)|,, < en(pn) implies [0 -0, < pn. (C.1)

As s(0; y, z) is a homeomorphism and continuously differentiable, we can invoke Lemma

1 of S25 to conclude that ey (py) is related to py by the following inequality:

PN
Any,=(6%) < enlow) 2



To take advantage of (C.2)), observe that, for all 8 € O(dy) and all (y, z) € C(6y) N K,

15(0; y,2) — 5(6% v, 2)|. < |8(6; y,2)|. + [s(6% y,2)|, < 208 = L2 (C.3)
An(67)

because |s(0; y, 2)|, < oy for all O € O(y), |s(6%: y, )|, < oy for all (y, z) €

o0

C(on) N H, and on = py / (2AN(0%)). Using (C.3)) along with the definition of Ay (0*) =

SUD(y, z)ex AN,y,z(G*) > 0, we obtain

PN PN
s(0;y,z)—s(0%y, z < < C4
Is(6:y, %)~ s(0y 2. < TS < (C.4)

and, using ((C.2)),

PN
s(0;y, z)—s(0";y, z < —— < ) C5
Is(0: 9. 2) —s(0% y. D) < P < alon) (5

In light of the fact that

|s(6; ¥, 2) = s(6 y, 2)[, < en(py) implies [0 -6 < pw,

the set ©(8y) is non-empty and satisfies

O(6y) C Bu(8”, pn) (C.6)
in the event (Y, Z) € C(ox) N H, provided N > Nj.

The event (Y, Z) € C(dny) N H occurs with probability 1 —o(1). The probability
of event (Y, Z) € C(d0x) N H is bounded below by

B((Y.Z)€Cox)N%H) > 1-P((Y,2)¢C0x) —B((Y.Z)23) = 1—ol).

The above inequality stems from a union bound, while the identity follows from the as-

sumption that the probabilities of the events (Y, Z) & C(dy) and (Y, Z) & H satisfy

P((Y,Z) ¢ H) = o(1),



where the first result leverages the fact that E s(6*; Y, Z) = 0 by Lemma 7 of S25.

Conclusion. Combining (C.6) with (C.7)) establishes that, for all N > Ny, the random

set (:)((5 ~) is non-empty and, with probability 1 — o(1), satisfies

-~

6(5N) g B00(0*’ pN)'

D Corollaries 1 and

To state and prove Corollaries [I] and [2 we first introduce notation along with background

on conditional independence graphs (Maathuis et al., 2019)) and couplings (Lindvall, 2002).

D.1 Notation and Background

We consider the model of Corollary (1} with joint probability mass function

Po((Y,Z)=(y,2)| X =) o exp (07 bz, y, 2)). (D.1)

The parameter vector is 0 = (az1,...,02N, V2.2, Yxyz) € R¥T and the vector of

sufficient statistics is b(x, y, z) € RV*2, with coordinates
o bi(z, Yy, 2) =3 jcp iy Zig (=1, N),
N «N
o byii(x, y, z) = Zizl Zj:i+1 di,j(z) Zij
, N N
® bypa(T, Y, 2) =D Zj:z‘+1 Cij (i yj + 75 Yi) 24,
where the terms ¢; ; and d; ;(z) are defined as follows:

Ci,j = IL(Nl N Nj 7é (Z)) (D 2)

dij(z) =13k € Ny N Nj : 2, =215 = 1).



In light of ¢ := 1, we do not distinguish between y and y* or y; and y;. To ease
the presentation, we write Y; | @, y_;, z rather than Y; | (X, Y_;, Z) = (x, y_;, 2),
and Z;; | ¢, y, z_g; ;) rather than Z;; | (X, Y, Z_ ;) = (%, y, 2_5;). Expectations,
variances, and covariances with respect to the conditional distributions of Y; | @, y_;, 2z
and Z,; ; | x, y, z_y; 5y are denoted by Ey;, Vy;, Cy; and Ey; ;, Va5, Cy; j, respectively.

Conditional independence graph. Let M = N + (]; ) be the total number of

responses and connections and

W o= (Wi, ..., Wy) = (Y1, ..., Yn, Zia, .., Znoan) € W = {0, 1}V(2)  (D.3)

be the vector consisting of responses and connections. The conditional independence struc-
ture of the model can be represented by a conditional independence graph G := (V, £) with
a set of vertices V := {Wy,..., W)y} and a set of undirected edges €. We refer to elements

of V and & as vertices and edges of G. There are two distinct subsets of vertices in G:
e the subset Vy = {Wj,..., Wy} corresponding to responses Y,..., Yy;
e the subset Vo = {Wy41,..., Wy} corresponding to connections Zy o, ..., Zn_1.N-

An undirected edge between two vertices in G represents dependence of the two corre-
sponding random variables conditional on all other random variables. The vertices in G are

connected to the following subsets of vertices (neighborhoods):

e The neighborhood of Y; in § consists of all Y; and all Z;; such that j € Py \ {i}

e The neighborhood of Z; ; in G consists of

1. Y; and Yj;
2. all Z;;, and Z;, such that h € Py \ {i, j} and h € N; N Nj;

9



3. all Z; and Z,, such that h € Py \ {i, j} and h ¢ N; N N; provided that either

J € N; N Nj, holds or 7 € N; N N, holds.

Let dg(7,j) be the length of the shortest path from vertex W; € V to vertex W; € Vin G

and let 8g ;5 be the set of vertices with distance k& € {1,2,...} to the ith vertex W; in G:

SS,i,k = {W] eV \ {Wl} : dg(@,j) = k?}

We define the maximum degree of vertices relating to connections in G as follows:

DN = max |89,z‘,1|- (D4>
1<i<M
Coupling matrix. Let W, = (W,, ..., W}) € W, be the subvector consisting of

responses and connections with indices 1 < a < b < M. The set of random variables
excluding the random variable W, € V with v € {1,..., M} is denoted by w_, € W_,,.

Consider any a € {0,1}~% and define

PO*,wlz(i,l),wi(W(i—&-l):M = a) = PO*(W(i+1):M =a | (W1:(i—1),VVz‘) = (’w1:(i—1),wi))-

We use the total variation distance between the conditional distributions P« ., (210 and

1)

Po« w0, 1),1 for quantifying the amount of dependence induced by the model, where 8* € ©
is the data-generating parameter vector. The total variation distance between Pos w,,, 0
and P+ 4, , )1 can be bounded from above by using coupling methods (Lindvall, [2002).

A coupling of ]Pg*,wl:(iil)yg and P3*7w1:(i71)71 is a joint probability distribution @0*713101:(1;1)

for a pair of random vectors (W}

(1) W(*iil):M) € {0,1}M7% x {0,1}M~% with marginals

Po+ w,,;_1)0 and Pos 4, 1. For convenience, we define (W*, W) € {0, 1}M x {0, 1}M,

(i
where the first ¢ elements are given by W7, = (wq.-1), 0) and W7 = (wq.-1), 1), re-

spectively. The basic coupling inequality (Lindvall, 2002, Theorem 5.2, p. 19) shows that

any coupling satisfies

"PG*vwlz(i—l)zo - Pe*awl:(i—l)vl < @0*:i»wl:(i—l)(Wé+l):M # W(:j—l)ML (D5)

TV

10



where |.|r denotes the total variance distance between probability measures. If the two
sides in Equation (D.5]) are equal, the coupling is called optimal. An optimal coupling is
guaranteed to exist, but may not be unique (Lindvall, 2002, pp. 99-107). To prove Corollary
[l we need an upper bound on the spectral norm | D(6*)]|» of the coupling matrix D(6*),
so we construct a coupling that is convenient but may not be optimal.

A coupling @9*71',101:(@-71) of ]P)B*,wl:ufl),o and Peﬂwl;(iflyl can be constructed as follows:
Step 1: Set U={1,...,i} and K ={1,..., M}

Step 2: Set A = {j € K\U: (W;, Wj) € € with i € U and j € X \ U such that Wr #

Wi

(a) If A # 0, pick the smallest element j € A and let (W, W*) be distributed ac-
cording to an optimal coupling of Pe:(W; = - | Wy = wyj) and
]P)g*(Wj =- | Wu = ’U)ﬁ*)

(b) If A = 0, pick the smallest element j € X \ U and let (Wr, W;*) be dis-
tributed according to an optimal coupling of Pg«(W; = - | Wy = wy) and

Po. (W; = - | W = wiy).
Step 3: Replace U by U U {j} and repeat Step 2 until X \ U = 0.

Based on Qg+ ; w,, (i_1)» We construct a coupling matrix D(0*) € RM*M with elements

1)?
(

0 ifi < j

Di,j(e*) = 1 if1= ]

max Qe juwy, (W7 £ W) ifi> g,

L W1:(i—1) € W1
Overlapping subpopulations. To obtain convergence rates based on a single obser-
vation of dependent random variables W, we need to control the dependence of W in the

11



form of [|D(6*)]|2. In line with the simulation setting in Section 5| we therefore assume that
overlapping subpopulations A, As, ... characterize the neighborhoods. The neighborhood

N; of unit 7 € Py is then defined as
N; = {j € Py: there exists k € {1,2,...} such that i € Ay and j € A,}.  (D.6)
Let G4 be a subpopulation graph with a set of vertices V4 = {Ay, As,...} and a set of
edges connecting distinct subpopulations Aj and A; with A, N A; # (0. Define
8uie = {A; € Va\{Ai}: dg,(i,7) = k}. (D.7)
Using the background introduced above, we restate Condition [3| more formally.

Condition 4: Dependence. The population P consists of intersecting subpopulations

Ay, Ao, ..., whose intersections are represented by subpopulation graph Ga. Let Dy €
{2,3,...} be defined by (D.4) and 8g, i be defined by (D.7), and assume that

)
2 D3

max ) |89A,k,l| < wi+ 10g(l+ 1), = 1,2,...,

ke{12,.
where w; > 0 and 0 < wy < min{wy, 1/((wy + 1) |log(l — U)|)} with U = (1 +
exp(—A))™* > 0. The constant A > 0 is identical to the constant A in Condition [3.
In addition, for each unit v € P;, the neighborhood N; is defined by , and there exists

a constant B € (0, +00) such that max;<;<n |N;| < B.

The assumption max;<;<y |N;| < B implies that Dy is bounded above by a constant

De{2,3,...}.

12



D.2 Proof of Corollary

To prove Corollary [I], define

H = 5—(1 N 9{2
al N
H, = eEW: H; >
1 {w ; H J(w)"oo =9 (1 + X(o*))g}

Ty {w eW: Y | Hi(w)],, 2 2(1i—>]<v(9))}
H; (w) = (d;1(2), ..., dii—1(2), diis1(2), ..., din(2))

— 2 2 2 2
Hi,2<w> = (Ci,l Ty 2515 -+ Cii—1T5_1 Ziyi—1 Ciji+1 iy i+, - -5 GN TN Zi,N)

and

X(0%) = exp(CD?* (|0 + ")),

(D.8)

(D.9)

where the constants 0 < ¢ < C < oo and D € {2,3,...} are identical to the corresponding

constants defined in Condition 1] and Equation (D.4]), respectively.

PROOF OF COROLLARY [I} We prove Corollary [I] using Theorem [I] in five steps:

Step 1: We bound

PN PN
b Ve, E Wloee | < —Y ) > -
(”VG €<07 )’9—9 VG 6(07 )’9—9 Hoo < 2AN(0*)) - T (

and choose py so that 1 — 7(pny/(2AN(6%))) > 1 —2/max{N, p}>.

)

Step 2: We show that —V3 £(6; w) is invertible for all 8 € B, (0%, €*) and all

w e H.

Step 3: We prove that the event W &€ I occurs with probability at

L= v(pn/(2An(67)) > 1—4/max{N, p}>

Step 4: We bound dy.

13
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Step 5: We bound py.

The proof of Corollary [I] leverages auxiliary results supplied by Lemmas [3] [, and [f, which

show that there exists an integer Ny € {3,4,...} such that, for all N > Ny,

x(6)°

An(6%) < N

by Lemma [3]
N/2 < Uy < Cyv/N by Lemma [4]

D@ < Cs by Lemma [5}
where C; > 0, (' > 0, and C3 > 1 are constants.

Step 1: Since W € {0,1}*M Lemma 6 of S25 establishes

P (llve ((0; W)|g—g- — E Vg £(8; W)|g—p- | < —pNg*)) > 1-r (—’)N ) ,

2 An( 2 Ay (6%)
where
PN P
T (2 AN(Q*)) exp ( 32AN(6%)2 (14 D)? |||DN(0*)|H% \I’]%\f + log p) )

with D € {2,3,...} defined in (D.4)). Choosing

pv = V36 Ay(6) (1 + D) [D(6*)]l2 ¥x+/log max{, p} (D.10)

implies that the event

PN
: _o~ — E : _p* _—
Ve £(0;W)|o—o Vo L(0; W)|o=o-],, < 2 An(0%)

occurs with probability at least

PN 2
-7 =N ) > -
' <2AN<0*>> = max{N,pP
Step 2: Let H be defined in (D.§). Lemma [3|establishes that —V73 £(8; w) is invertible

for all 8 € B (0*, ¢*) and all w € K.

14



Step 3: Lemma shows that there exists an integer Ny € {3,4, ...} such that, for all

N > Ns, the event W € H occurs with probability at least

4
1 S [P —
v(ow) max{N, p}?
Step 4: The quantity
Sy = _ N V24 (14 D) ||D(6*)]2 ¥ V/log max{N, p}

2 An(6%)
is bounded below by
oy > V24 D\/N/2logN = /12 D/NlogN

and is bounded above by

oy < V24 C,C3(2D)VN2TogN = /192 C, C3D/NlogN,

using D € {2,3,...}, 1 < | D(6")|. < Cs, \/N/2 < Uy < Cyv/N, and max{N, p} =p =
N+2. Since Cy, >0, C3 > 1, and D € {2,3,...} defined in (D.4) are constants, there exist

constants 0 < L < U < oo such that
L+/NlogN < o6y < U+/NlogN.

Step 5: Substituting the bounds on Ayx(6*), ¥y, and | D(6*)]2 supplied by Lemmas

, , and |5 into reveals that

py = V96 Ay(6%) (1+ D) [|D(6)]|> ¥ /log max{N, p}

*\9
< V96 C) Cy Gy (2D) X(fv) Nlog(N +2) (D.11)
log N
< 768 Cy Cy C3 D x(6%)° Ojgv ,

using max{N, p} =p =N + 2 and log(N + 2) < log(2N) < 2log N (N > 2). To bound

x(6*), we invoke Condition [2}

X(0%)° = exp(C D? (|0*] s + €%))? < exp(CD?(A+ ¢*))° = exp(9 C D? (A + ¢)).

15



Define
K = /768 01 Cg 03 D eXp(9 C D? (A + 6*)) > 0.
Since A, C, C1, Cy, C3, D, and €* are independent of IV, so is K. We conclude that

log N

N — 0 as N — 0.

pn < K

Conclusion. Theorem [1|implies that, for all N > Ny := max{N;, N2}, the random set

~

©(dy) is non-empty and satisfies

O(y) C Bu (0*,}( ng)

N

with probability at least

6 1 6

_ _ > - > _
1 T((SN) v((SN) = 1 max{N,p}Q =~ NQ,

using max{N, p}? = p? = (N + 2)? > N2

D.3 Statement and Proof of Corollary

If subpopulations do not overlap, |6*|_ can grow as a function N. Condition [5| details

how fast |@*]_, can grow.

Condition 5. The parameter space is @ = RN*2 and the data-generating parameter

vector 8% € RN*2 satisfies

E—H?logN_ .

o], < B e

where E > 0 and 9 € [0, 1/18) are constants, C > 0 is identical to the constant C' in
Condition[l, D € {2,3,...} is identical to the constant D in (D.4), and e* > 0 is identical

to the constant €* in the definition of Ayn(0*) in Section [4]
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Corollary 2] replaces Condition [2] by Condition [l Resulting from this, the constant U

coming up in Condition 4| is redefined as U = (1 +exp(—D))~! > 0.

Corollary 2. Consider a single observation of dependent responses and connections
(Y, Z) generated by the model with parameter vector 0* == (ag 1, ..., 05 n, Vigs Vryz) €
RN*2. If Conditions and [5 are satisfied with ¥ € [0,1/18), there exist constants
K € (0,400) and 0 < L < U < +o0 along with an integer Ny € {3,4,...} such that, for

all N > Ny, the quantity dn satisfies

L+y/NlogN < 6y < U+/NlogN,

and the random set (:)((5]\/) is non-empty and satisfies

~ . log N
O(0y) € B (9 ; K\/W)
with probability at least 1 — 6 /N2.
PROOF OF COROLLARY [2] The proof of Corollary 2] resembles the proof of Corollary

[1, with Condition [2] replaced by Condition [5] The proof of Corollary [I] shows that

log N
N Y

PN S V 768 Cl 02 03 D X(B*)9

where the constants C; > 0, Cy > 0, C3 > 1, and D € {2,3,...} are defined in Lemmas 3]

[ and 5| and Equation (D.4)), respectively. Condition [ implies that

= exp(9 E) N7,

E+9logN\\’
C D2

X(0*)? = exp(C D* (|0*] o + €*))? < exp (C’ D? (

which in turn implies that

| log N | log N
PN S V 768 01 OQ 03 D eXp(g E) ﬁ = K ﬁ,

where K = /768 C, CyC3 D exp(9 E) > 0. The remainder of the proof of Corollary

resembles the proof of Corollary We conclude that there exists an integer Ny € {3,4,...}
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such that, for all N > Ny, the random set @(5 ~) is non-empty and satisfies

~ . log N
O(n) C B (9 , K \/m)

with probability at least 1 — 6 /N2,

D.4 Bounding Ay(6*)

Lemma 3. Consider the model of Corollary[l. If Conditions[1] and [ are satisfied along
with either Condition |4 or Condition [5 with ¥ € [0,1/18), there exists a constant C; > 0

along with an integer Ny € {3,4,...} such that, for all N > Ny,
o (—V320(0; w))™! is invertible for all @ € B,,(0*, €*) and all w € K,

o the event W € H occurs with probability at least 1 — 4 / max{N, p}?,

x(0%)?
N )

e An(6") == sup  sup )III(—V?) (0; w)) M, < C

weH OB (0%, ¢*
where H is defined in and x(6*) is defined in (D.9).

PROOF OF LEMMA [3] We first partition —V3 £(6; w) in accordance with 6 := (8;, 65),

given by 6, = (ag1,...,azn) € RY and 0y = (2.2, 7xy.z2) € R%:

A0, w) C(0,w)
—V2000;, w) = : (D.12)

CO,w)! B0, w)
where the matrices A(0, w) € R¥*Y and B(0, w) € R**? define the covariance matrices
of the sufficient statistics corresponding to the parameters 8, and 05, respectively. Define
C(0, w) = (C,(0, w), Cy(0, w)) € RN*2 where C,(0, w) € RY and Cy(0, w) € RN are

the covariances of the degree terms with the transitive connection term with weight vz

and spillover term with weight vy y 2, respectively.
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We wish to bound the infinity norm of (—V2 £(8;w)) ™", given by

-1

) B A0, w) C(0,w)
(=Ve (0, w))"" =
CO,w)" B8, w)
A(07 w)_l ON,2
02, 022
-
A0, w)1C(0, w)" A0, w)1C(0, w)"
[ 007 L [ A
—1I, —1I;

where 0,, = diag(0,...,0) € {0,1}*** and I,, = diag(1,...,1) € {0,1}*** (a,b €

{1,2,...}) are diagonal matrices, and

V(6,w) = B0, w)—CO, w) A0, w)'C(0, w)

is the Schur complement of —V3 ¢(0, w) with respect to the block A(6, w).

The /,-induced norm is submultiplicative, so

I(=V5 €8, w) =",

< A6, w) ',

A, w) 1 CO, w A, w) 1 CO, w
N (60, w)~ C(0, w) V(0. w) 1 (6, w)~ C(0, w)

_Ip,p _Ip,p
< A0, w) ', + max{l, |A(O, w)"' C(0, w)|_}
x V6, w) | (]|C(6, w) A6, w)~ || +1)
< A0, w) |, +max{l, |A(O, w) ', IC(0, w)|.}
x V(6. w) ", ([CO, w)]| A0, w)™ || +1).
(D.13)

We bound the terms [ A(6, w)~ ||, |[C(8, w)T||_, and [|V(6, w) ||, one by one.

oo’
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Bounding [|A(0, w) | . The proof of Lemma 9 in S25 shows that

lA@, wyy,, < BXE) (D.14)

- N

for all @ € B.(0*, €*), where x(0*) is an upper bound on the inverse standard deviation of
connections Z; ; of pairs of units {i, j} C Py with N; AN # 0 conditional on X, Y, Z_; jy.
Under the model considered here, the conditional distribution of Z; ; is Bernoulli, as shown

in Section 2.2.2] Therefore, V3, ,;(Z; ;) is given by

Veij(Zig) = P(Zig=1 =z, y, 2z ) x A =P(Ziy; =1z, 9y, 2_i 1))

Applying the bounds on P(Z;; = 1| @, y, z_ ;3) supplied by Lemma m gives

1 1
(xp (CD7 10107 = (exp(C D7 ([6°], +€)))"

V2,i.3(Zij) (D.15)

provided D € {2,3,...}, where D corresponds to the constant D defined in (D.4)) and C
corresponds to the constant C' in Condition . For the second inequality of (D.15)), we use

the fact that |@]_ < [0*|, + € for all @ € B, (6%, €*). With

x(0%) = exp(CD*(|0*], +¢)),

we therefore deduce that x(6*) is an bound on the inverse standard deviation of connections

Zi,j:
1
V2.i(Zij)

Bounding ||C(0, w)"|| . Define C(6, w) = (Cy1(8, w), C2(6, w)), where

X(0*) >

C,(0, w) € RY and Cy(0, w) € RY are the covariance terms of the degree terms with the
sufficient statistics pertaining to the transitive connection term weighted by vz 2 and the

spillover term weighted by 7y y 2, respectively. Then

[C@, w) |, < [Ci(8, w)l, + IC:(0, w)|
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We bound the terms |C; (8, w)|, and |C2(6, w)|,, one by one.

By Lemma 13 of S25, [Ci(0, w)|, < 3D3. The term
Cy(0, w) = (Cy1(0, w),...,Con(0, w)) € RY refers to the covariances between the
degrees b;(x, y, z) of units i € {1,..., N} and by o(x, y, 2). An upper bound on ¢-th

element of Cy(0, w) can be obtained by

N N
Co4(0, w)| = Z Z Crij (b, y, Z), byio(@, y, Z))‘
i=1 j=i+1
N N
= Z Z Cz; (ZZM, Z Z Ch,k $hyk+$kyh)th>|
i=1 j=i+1 h#t h=1 k=h+1

= Z CZzt ( it (l.l Yt + Yi xt) Zi,t) <D16)
it Ny ANg £ 0

= Z (i +yiwe) Vi (Ziy)
it Ny ANy £ 0

C N

2
<3 ) 1| < oD
it Ny NMNe £ 0

where C' corresponds to the constant from Condition [1) and D is defined in . On the
third line, note that b,(x, y, z) only depends on connection Z, ; if t € {i,j}. Therefore,
the covariance of b;(x, y, z) with respect to any other connection is 0. The first inequality
follows from the observation that z; y; + z;y; < 2C and Vg, ; (Z;;) < 1/4, which follows
from 0 < z; < C' < oo by Condition |I|and Y; € {0,1}. The second inequality follows from
Lemma 15 in S25 bounding the pairs of units 7 and ¢ such that N; N N; # 0 from above by
D?. Since the bound from holds for all ¢t € {1,..., N}, we obtain |C»(0, w)|_, <

C D?. Taken together,

[c6, w)|. < 3D*+CD* < max{3, C} D" (D.17)
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Bounding ||V (0, w) '] . Write

Bl’l(e, ’ID) 31,2(0, ’LU)
B0, w) =
BLQ(G, 'w) B272(0, ’lU)

V1,1(9, w) ‘/1,2(9; 'w)
V0, w) =
Vi2(0, w) V25(0, w)

The elements of V' (0, w) are then given by
‘/@j(O, ’lU) = Bi,j(e, ’lU) — CZ(O, ’(U)TA(O, ’lU)il Cj(O, ’lU)

The inverse of V' (0, w) is

1 ‘/272(0’ w) _‘/172(07 w)
V(O, UJ)_l = 9
‘/1,1(07 ’U)) ‘/2,2(07 ’UJ) - ‘/1,2(07 w)2 V (9 w) v 1(9 w)
— V12 ) 1, )

implying that

max {V11(0, w), V22(0, w)} + |V12(0, w)| (D.18)
|V1,1(9, w) ‘/2,2(97 'w) - ‘/1,2(9; 'w)2| .

Invoking the inequalities from (D.14) and (D.17]), we obtain for 7,5 € {1,2}

I(V(6, w) . <

Ci(6, w) " A(6, w)™" C;(6, w)

< N|Ci(8, w)l, A6, w)~ [ [Ci(6, w)],
(D.19)

< N[CO, w)lJAB, w) [ ICO, w)l.

< 18 max{9, C?} D° x(6*)?,
where D corresponds to the constant D defined in (D.4)) and C' corresponds to the constant
C from Condition [Il

By applying Lemma [J] along with (D.19)), we get for 7, j € {1,2}
|V;,j(07 w)| = |Bi,j(0’ ’lU)l + |Ci(0, w)TA(O’ w)il Cj(ea w)|

N D?

< max{1, C?} + 18 max{9, C*} D° x(6*)?

N
< max{9, C?} D5 (Z + 18Dx(0*)2)
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Thus, the numerator of (D.18) is bounded above by

max {V11(0, w), V22(0, w)} + [V12(0, w)|
N (D.20)
< max{9, C?} D? (3 + 36Dx(0*)2> .

The denominator of (D.18)), which is the determinant of V (6, w), is

_|_

+

Via(6, w) Vas (6, w) — Vi(0, w)?

(B1a (6, w) — C1(6, w) T A(8, w) ™' C1(6, w))

(Bya(8, w) — Co(6, w) A(8, w) ™" Cu(6, w))

(B12(8, w) — C1(6, w)T A(6, w) ™! Cs(6, w))’

B11(8, w) Bys(0, w) — By1(0, w) Ca(0, w) A, w)~' Cy(0, w)

Bos(8, w) C1(0, w)T A(6, w)~ C1(6, w)

(C1(8, w)TA(B, w)~ C1(6, w)) (Ca(6, w)T A(8, w) ™" Ca(0, w)) — Br2(0, w)?

2 B12(0, w) (C1(0, w)" A(0, w)t Cy(0, w)) — (C1(0, w)" A0, w) ! Cy(0, w))>.

Applying the property of positive semidefinite matrices P € R™*" that (a" Pa) (b" P b) >

(a” P b)? is true for all vectors @ € R" and b € R" (n > 1), we obtain

where

V1i1(0, w) Va(0, w) — Vi5(0, w)?
> B11(0, w) By2(0, w) — By 2(0, w)?
— 4 max |B; (0, w)| max |C;(6, w)TA(0, w)~' C;(0, w)|
> Bi11(0, w) B22(0, w) — By (0, w)? — 18 max{81, C*} N D' x(6*)?

= U(0, w) — 18 max{81, C*} N D" x(6*)?,

U0, w) = Bi1(0, w)Byo(0, w) — Byo(0, w)?. (D.21)

The final inequality follows from invoking (D.19) along with Lemma [9]
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For (D.21)), we obtain

U(O, ’LU) = B171(0, w) BQ,Q(O, w) — BLQ(O, w)2

= (Z Z Vi (bvs(z, v, Z)))

i=1 j=i+1

X (Z Z Vyi (bns2(z, Y, 2)) + Z Z Vi, (bnga(x, y, Z)))

i=1 j=i+1 i=1 j=i+1

N N 2
— (D] D] Caijbnia(@, y, 2), bysa(, v, Z)))

i=1 j=i+1

N

Vg (b (e, y, Z))) (Z Vy,; (bn2(, Y, z)))

j=i+1 i=1

VZJJ (bN+1(w7 Y, Z))) (Z Z VZ,M (bN+2<a:7 Y, Z)))

i+1 i=1 j=i+1

+

J

[ERTERIE
M= -

+

2
CZ,i,j (bN+1(w7 Yy, Z)7 bN+2<m7 Yy, Z))) :

=1 j=i+1

Next, we show that the third term

(Z Z Crij (bngi(z, ¥y, Z), byso(z, ¥, Z)))

i=1 j=it1
is smaller than the second term
N N N N
(Z Z Vaig (bvsi(, v, Z))) (Z Z Vzij (bvia(z, v, Z))) :
i=1 j=i+1 i=1 j=it1

Define

ul,i,j = \/VZ,i,j (bN+1<CE, Yy, Z)) and u?,i,j = \/VZ.,i,j (bN+2(33, Yy, Z))7 7 = 1, Ce ,N.

Then the second term can be restated as follows:

N N N N
(z S Vs, (s (@, z>>) (z S Ve, (byss(a, . z»)
i=1 j=it1 i=1 j=i+1
N N N N
_ (z 3 ) (z 3 ) ,
i=1 j=it1 i=1 j=it+1
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while the third term is

M-

+

2
Cz,i,j (bN+1(fBa Yy, Z)7bN+2(a:7 Y, Z)))

i+1

IN

M= EIMZ
:MZ [

2
|Cz,z‘,j (bN-H(ma Yy, Z)abN—i—Q(ma Y, Z)) |>

~
Il
—_
<
Il
~
+
=

2
\/VZ’L] bN—i—l(w Yy, Z)) VZ,i,j (bN+2(ma Yy, Z)))

2
U,i,j UZZ’J)
1

uf, ) (Z 2 U>
1 =1 j=i+1

where the Cauchy-Schwarz inequality is invoked on the third and last line. This translates

-
WE

~
I
—
<.
|
<.
+
—

M=
M=

I
i
+

K 1

13

WE
Mz

<

%

1 j=i

+

to the following lower bound on U(0, w):

U(B, ’lU) = Bl,1(0, ’LU) 32,2(0, ’LU) — BLQ(O, ’UJ)2

(Z Y Vi (vl y, Z))) (ZVW (byy2(e, Y, z)))

v

i=1 j=i+1 i=1

Y| H (w) 2
; (ZW) Z<Z> Tt

i=1 j#i

where H; ;(w) is defined in and the function ¢; ; is defined in (D.2)). For the second

inequality, we use the result from the proof of Lemma 13 in S25, which implies that

Z Z Vaig (bvai(y. 2) = S eiydig(2) Vass (Ziy) (D.22)

i=1 j=it1

where the function d; ;(Z) is defined in (D.2). By Lemma [7} we get

1

Veii(Zig) =P(Zij | ®, y—i, 2) x (1 =P(Z;; | , y—i, > s,
Z,J( 7]) ( ,]lm ) Z) ( ( ,J|m Yy Z)) (1+X(0*))2
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where x(6*) is defined in (D.9). When combined with (D.22), this results in

YD aydig(z)

i=1 j=i+1

(1+ x(67))?

Y i (w)],
2 30t

where the second inequality is again from the proof of Lemma 13 in S25.

Mz

Veij (bvei(y, Z)) >

+

By applying Lemma |[8| and expanding the quadratic term, we obtain
” H, 2,1

Vo= ZW) 2 Vus ()
x Z wl e zig + Z Z Cin Cik Th Tk Ziy Zi,k)

j=it+1 h=1 k#h

”Hzl Al 2

j=i+1

> i=1 i=1

2(1+ x(6%))* ’
where H, o(w) is defined in and C' corresponds to the constant from Condition .

v

The second inequality follows from the assumption z; € [0, C] by Condition (1| along with
¢i; €{0,1} and z;; € {0, 1}. Lemma shows that

4

>
PWeH) > 1-— (N 2

where JH is defined in . For all w € H, we obtain by definition

(Z HHm(w)Hoo) (Z ||Hz‘,2(w)||oo> 5 o
UO, w) > i—1 i=1 > c N

2(1+ x(6%))* — 8(L+x(6M)"
which results in the following bound for the denominator of (D.18):

‘/171(9, ’LU) ‘/272(0, w) — ‘/172(9, ’UJ)2 > U(G, ’UJ) — 18 max{81, 04}ND11 X(0*>2
2 N?
> - -
— 8 (14 x(6)
? N? 1 18432 max{81, C*} D! x(6*)°
8(1+ x(6%))" 2N ’

— 18 max{81, C*} N D' x(6*)*
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using the fact that C' > 0, D > 2, and ¢* > 0, which implies that

X(0*) = exp(CD?(|0*| +¢€)) > 1.
Under Conditions [2 and [5| with ¢ € [0, 1/18), we have, for all w € K,

18432 max{81, C*} D' x(6*)°
2 N

— 0 as N — oo.

Thus, there exists a real number € > 0 along with an integer N3 € {3,4,...} such that

18432 max{81, C*} D! y(6*)°
2N o

for all N > N3, which implies that

2 N?

> m (1—e). (D.23)

‘/1,1(97 'w) ‘/2,2(9, 'w) - ‘/1,2(9, ’w)Q

Observe that (D.23) provides a positive lower bound on the determinant of V' (6, w) for

w € H, demonstrating that
Vi1(8, w) Vas(6, w) — Via(0, w)?| = Vi (0, w)Vas(0, w) —Vis(0, w)?. (D.24)

Combining (D.20]), (D.23), and (D.24)) shows that, for all w € H,

max{ngg(B, ’LU), ‘/171(0, UJ)} + ‘/172(0, ’LU)

V0, w)!
||| ( ) |||oo — ‘/'171(97 ’u]) ‘/272(0, w) - ‘/172(07 w)Z

8 (1+ x(67)"

2N?2(1—¢) (D-25)

< max{9, C?} D? (g +32D X(O*)Q)

D5 0* 7 D 0* 2
S K1$ max{l, %},

where K7 > 0 is a constant.
Conclusion. We show in two steps that —V3 £(0, w) is invertible for all @ € B, (0*, €*)
and all w € H. First, by Lemma 9 in S25, the matrix A(€, w) is invertible for all

0 € B (0%, ¢) and all w € H. Second, (D.24) demonstrates that the determinant of
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V (0, w) is bounded away from 0 for all 8 € B, (0*, ¢*) and all w € H. Thus, V (0, w)

is nonsingular for all @ € B, (0%, ¢) and all w € H, and so is —V3 £(0, w) by Theorem

8.5.11 of |Harville| (1997, p. 99). Combining (D.13)), (D.14), (D.17)), and (D.25]) shows that,

for all @ € B,(0*, €*) and all w € K,

I(=V5 €6, w) "l < [A®, w)~ |,
+ max{1, A6, w) | NICO, w)l.} IV(6, w)~

x (N]CO, )l JA@®, w)" [, +1)

IN

18 x(6%)* D’ x(6")"
1 D3 2 VK —
, max{3, C'} N 1 N
D2X<9*)2
’ N
imply that

X max< 1

—

} (max{3, C'} D318 x(6*)? +1).

Conditions [2] and [p| with 9 € [0, 1/18

~—

x(69)* _ x(6*)°

N < N — 0as N — o0.

Thus, there exists an integer Ny € {3,4,...} such that the two maxima in the upper bound

on [|[(—=V3 £(0, w))~ !, are equal to 1 for all N > N, so that

I(=V5 £(0, w) |,
< 18 stf@*) + K, D >§\(]9*)7 (max{3, C} D>18 x(6*)* + 1)
X(e*)2 DS X(e*)!) (D'26>
< N + Ky N
x(07)°
< O N

where Ky > 0 and C} > 0 are constants. Substituting (D.26)) into the definition of Ay (6*)

concludes the proof of Lemma

X ><(49*)9
An(6") = sup  sup [[(=V5 €(6; w)) 7 N
weH O€Bo(0%,¢*)

28



D.5 Bounding Vy

Lemma 4. Consider the model of Corollary . Then /N/2 < Uy < O V'N, where

C5 > 0 is a constant.

PROOF OF LEMMA [4 The term WUy is defined in

Uy = nax S,
where
E(z = (E{l},cu R E{N},OJ E{l,Q},CL? s 7E{N,N—1},a> = (EH,CH EZ,a)7 a € {17 ce 7N + 2}

The sensitivity of the sufficient statistic vector b,(x, y, z) with respect to changes of re-

sponses is quantified by the vector By, € R:

Ey,a = (E{l}’a, - ,E{N}@),

where

=N = b —b " 2.
{ita R T k#z:z/! o, Y, 2) —ba(z, Y, 2')|

The sensitivity of the sufficient statistic vector b, (x, y, z) with respect to changes of con-

nections is quantified by the vector Ey , € R":

Bza = (Epgtar-- - EvN-1}a),
where
i = max bo(x, y, 2) — b.(x, Yy, 2')]|.
{ii}a () €W x W: y=y/, 2, 1~2, , for all {k,l};ﬁ{z’,j}’ o, ¥, 2) —ba(@, ¢, 2)|
Define

N N N
Uy = max [ [Egad®+ Y Y. Epgal” (D.27)
i=1

1<a<N+2
i=1 j=i+1
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e Fora=1,..., N, the statistic b,(x, y, z) refers to the degree effects of unit a:

N
bo(, Yy, 2) = Z Zq.5-

j=1lj#a

The term Z; ;1,18 1if @ € {4, j} and is 0 otherwise. Since the statistic is unaffected
by the response, Zg;3,, = 0 for all ¢ = 1,..., N. For the sum in (D.27) over all i < j,

where I(a € {i,7}) = 1 holds N times, yielding |E,]|, < V/N foralla=1,..., N,

e The statistic by1(x, y, z) refers to the transitive connections effect given by

N N
by, y, z) = Z Z dij(z) zig,

i=1 j=i+l

where the function d; ;(Z) is defined in (D.2). Since this statistic is not affected by

Y, Zye =0 foralli=1,..., N. Following Lemma 18 in 525,

IExul, < VND2(1+D)2 < V4AND* = 2D?/N,

where D corresponds to the constant defined in [D.4]

e The statistic by o(x, y, z) refers to the spillover effect given by

N N
byio(x, y, 2) = Z Z cij (Tiy; + yi xj) 21,

i=1 j=i+1

where the function ¢;; is defined in (D.2). For {i,j} C Py, the terms Zy; j1 n4o are

(yixj+y;a;) <2C if N; N N; # 0 and 0 otherwise. For all ¢ € Py,

Sl Ny2 = Z Tjzi; < Z C < CD?

j:NiﬂNj j:NiﬁNj

because according to Lemma 15 in S25 there are at most D? units such that N; N N; #
() and x; < C for i = 1,..., N according to Condition . Combining Zy; j3, v4+2 and

S}, N42 gives

IEn42l, < VZNCD2+NCD? < DV3NC < 2DV/NC,

where C' corresponds to the constant C' in Condition [T}
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Combining the results for |Z,|, fora =1,..., N + 2 gives

N/2 < Uy < 2DVNC

N/2 < Uy < Cy VN,

where Cy := 2 D +/C > 0 is a constant.

D.6 Bounding || Dy (6%)]2

Lemma 5. Consider the model of Corollary[1. If Conditions[], (3, and[{] are satisfied with
v € [0,1/18), there exists a constant Cy > 1 such that | D(60%)|2 < Cs for all N > 2. If
the population Py consists of non-overlapping subpopulations with dependence restricted to

subpopulations, the same result holds when Condition[] is replaced by Condition [J

Proor oF LEMMA [5| To bound ||D(6*)|> from above, we use the Holder’s inequality

D@l < VIDO)]: 1D(6)].. (D-28)
where .
IO =, 32 1D:(0)
u
DO = e 3 1D:,(0°)

We can therefore bound ||D(6*)||> by bounding the elements of the upper triangular cou-

pling matrix D(6*) € RM*M which are
(

0 if i< j
Di;(07) = (1 if i = j

max Qo iy, (WS # W) ifi>j.

L W1:(i—1) € Wizi1

31



Next, we define a symmetrized version of the coupling matrix denoted by T(8*) € RM*M

with elements )

Tij(0%) = {D,.(0%) ifi=j

D,;(0%) ifi>j.

The symmetry of T(8*) yields the following upper bound for (D.28)):

D) < VITO) 1709, = 176"l

y (D.29)
= 1 + max Z Q9*7i7w1;(i—1)(W; ?é Wj**>

I<i<M 4~
J=lj#i

where the constant 1 in the second line stems from the diagonal elements of T(8*).
Consider any (i,5) € {1,...,M} x {1,..., M} such that i # j and define the event
W; <= W, as the event that there exists a path of disagreement between vertices W; and
W;in G. A path of disagreement between vertices W; and W; in G is a path from W; to
W; in G such that the coupling (W(*l )M W(*iin: 1) With joint probability mass function
Qo+ iw,;_,, disagrees at each vertex on the path, in the sense that W* 7 IW** holds for all

vertices W on the path. Theorem 1 of van den Berg and Maes (1994, p. 753) shows that

@9*7i,w1:(i—1)(W; 7é VV;*) < Bﬂ<Wi <7L> Wj in 9)7 <D'30>

where B, is a Bernoulli product measure based on M independent Bernoulli experiments
with success probabilities 7 = (7y,...,my) € [0, 1], With v € {1,..., M}, the success

probabilities m, are

0 ifoe{l,. .. i1}
Ty = 1 ifv=1
max Tow yw HveE{i+1,... M},
\(w,,u,va)EW,UXW,U -v
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where

!
7T-v,w_v,'w_v

= |Po(- [ w_) — Po(- | w",)| - (D.31)
Lemma [10| provides the following upper bound:

1
/ <
vaw_v,w_v —_— 1 + exp<—c _D2 ”0*”00)7

(D.32)

where C' corresponds to the positive constant from Condition |1l and D is defined in ([D.4]).
Combining (D.32)) with Condition [5| shows that

1 1
<
1+exp(=CD?|6%],,) ~— 1+exp(—E—JlogN)

= Uy. (D.33)

The constant Uy = U coincides with the constant U considered in Condition

With (D.33), we define the vector & € [0, 1] with elements

(

0 ifeoed{l,...;i—1}

& = 91  ifu=i

Uy ifve{i+1,..., M},

\

and obtain
B (W; /> W, inG) < Be(W; </ W, in§), (D.34)
because m, < ¢, forallv=1,... M.

Next, we construct the set

Map = {{c.d}: c € Ny UNp, d € Ny UNp\ {c}} U {{c}: ¢ € N, UN,}
and two additional graphs with the same set of vertices as G:
1. 91 = (,\7, 81)1

e Vertex W € 'V relating to connection Z;; has edges to vertices that relate to

all connections Z, ; and responses Y, with {h, k},{h} € M, ;.
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o Vertex W € Vy relating to attribute Y; has edges to vertices that relate to all
connections Zj, ; and responses Y, with {h, k}, {h} € M; n41 for a fictional unit

2. Go = (V, E1UE,): The set &, includes edges of all vertices W; € V withi € {1,..., M}

to vertices in 8g, ;9.

The graph G, is a covering of G, so

Be(W; <A+ W; in G) < Be(W; <A W; in ). (D.35)
Combining the previous results gives

M
IO < 1+ max > Qg (W] # W)
= =t
M
< 1+ max B (W, </ W;in 9)

1<i<M

J=lA (D.36)
< 1+ max, Z Be(W; </ W; in G)

j=1:ji
M
< 1+ max Z# Be(W; </ W; in Gy),
j=1:j%

using (D.29), (D.30), (D.34), (D.35)). Sorting the vertices without W; by the geodesic

distance to W; (i.e., by the length of the shortest path to W;), we obtain

M
Z Bg(WZ ﬁL) Wj n 92) S |892?¢’1’ (Wmax Bg(W@ <7L> Wj n 92))

j=1:5#i . J G9,1,1
+ ‘892,i7k| ( max BS(WZ ﬁL) W] n 92))
; Wizt (D.37)
< [y
8q,.: Be (W, Wi :
+ ;| ikl max Be(Wi ¢ Wy in Go)

For the event W; </ W; in G, with W; € 8g, ; , and & > 2 to occur, there must exist at

least one vertex in each set 8g, ;1,...,8g,: k-1 at which the coupling disagrees. Therefore,

34



we next derive bounds on |8g, ;x| to obtain an upper bound on Bg(W; </ W; in Gs).

Following Lemma [6] Condition [4] implies that for ¢ € {1,..., M} and k € {2,3,...}

86,i6] < Ky 4 Ky logk (D.38)

and |8g,.1| < Kj, with constants K; > 0, Ky > 0, and K3 > 0 being functions of
the constants w; > 0 and wy > 0 defined in Condition 4| and the constant D € {2,3,...}

defined in (D.4). The probability of event W; </ W, in G, can then be bounded as follows:
k—1
Be(W; /- W;in Gp) < Uy (1— (1= Uy)) ] [1— (1 = Uy)r5e el
1=2

T

1
< [1 . (1 o UN)K1+K2 logl}

N
||
N

< (1= (1 —Uy)Ktke 1og(k—1)]k*2

)

The first inequality follows from

Uy (1 — (1 - UN)K3) < 1,

because Uy € [0,1] and K3 > 0. Defining Ky = exp(—K; |log(1 — Uy)|), we obtain for

W; € Sg,ik
Be(W; </ W;in Go) < [1 — (1= Uy)KrtEe log(k—l)]k*Q
(D.39)
< exp(—Ky (k — 1)1~ Kz los(1=Un)l)
with the inequality 1 — a < exp(—a) for all a € (0,1).
Plugging (D.38)) and (D.39) in (D.37)), we obtain:
M
Z Be (Wi </ W;in G)
J=l:j#i N
< Ky+ Y (Ki+ K, logk)
k=2
< exp (~y (k — 1) Rals -0 (D.40)
= K3+ K Y exp (—Ky (k— 1)1 lee=Unl)
k=2
+ K Zlogk exp (—KN (k — 1)k Ilog(lfUN)\) ’
k=2
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resulting in two series that we bound one by one. With [-] : [0,00) — {1,2,...} being the
function giving the upper ceiling of a positive real number and uy = [2/(1 — Ky |log(1 —

Un)|)], the first series can be bounded as follows:
Z exp (_KN (k — 1)1—K2 |10g(1_UN)|)

= iexp <_KN klfKZ‘lOg(I*UNN)

< UN B UN'7T
- ) k’2 a N6

The above bound is based on a Taylor expansion of exp(z), which establishes the inequality
exp(z) > 2z /u! implying for any z > 0 and any v € {1,2,...}. This, in turn, implies
the inequality exp(—z) < u!/z" for any z > 0 and any v € {1,2,...}. With vy =

[3/(1 — Ky |log(1 — Uy)|)|, we apply the same inequality to the second series:
Y " log(k) exp (— Ky (k — 1)1~ Kz lles(1-Ux)l)

= Z log(k + 1) exp (—KN pl-K2 |10g(1*UN)\)

up! i log(k + 1)

< N
(Kn) — k3
< UN! > ﬁ _ UN! io: i _ UN! ’/T2
(KN ek (KN)Y kR (KN)TY6
Plugging these results into (D.40]) gives
M 2
Be(W; </ W;in Gg) < K+ o K—‘—FKU—N! (D.41)
Z VTV J 2) = 3 6 1 (KN>uN 2 (KN>UN : .

=T g
Last but not least, combining (D.41)) with (D.36) yields

2 upn! un!
D(6* < 14+K3+— | K ————+ Ky—— | .
DO < 14K+ 6( e K e
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Under Condition , ¥ = 0 holds, hence Uy n, Ky, uy n, and vy y in (D.33]) reduce to

1
Uy = ——mm—— = U
" 1+ exp(—E)
Ky = exp(—Ki|log(1-U)|) = K,
—_ 2 _
o= 1 — Ksy|logU| -
v = 3 = v
N 1= Ky |logU| I

which are constants independent of ¥ and N. The constant U corresponds to the constant

U from Condition @l This translates to

D6l < Cs,

with C3 .= 1+ K3 + (7%/6) (K, u!/K} + Kyv!/K}) > 1. For non-overlapping subpopula-

tions, we have K; = Ky = 0 and

D@9 < 1+ K3 = Cs.

D.7 Auxiliary Results

Lemma 6. Consider the model of Corollary [l Condition [4 implies that there exist con-
stants K1 >0, Ky > 0, K3 > 0 such that, for all k € {2,3,...} and all i € {1,..., M},

86,k < Ki+ Ky logk

18g,:1] < K.
PrROOF OF LEMMA [6l. With the set
Map = {{c.d}: c € Ny UNp, d € Ny UN\ {c}} U {{c}: ¢ € N, UNy},

we constructed from G two additional graphs G; and G, as follows:
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1. 91 = (\7, 81)2

e Vertex W € 'V relating to connection Z; ; has edges to vertices that relate to

all connections Z, ; and responses Y, with {h,k},{h} € M, ;.

e Vertex W € Vy relating to attribute Y; has edges to vertices that relate to all
connections Zj, x and responses Y, with {h, k}, {h} € M; n41 for a fictional unit

2. G5 = (V, & U &y): The set &y includes edges of all vertices W; € V with i €

{1,..., M} to vertices in 8g, ;2.

The graph G, is equivalent to the graph cover §* defined in Lemma 16 of S25. Therefore,
we are able to use results from the proof of Lemma 16 in S25 demonstrating that Condition

implies the following bound for 8g, ; x:

’8917“6’ S (w1 + 1)(2 D3 w1 + Wo IOg(k' - 1))7 k € {2, 3, .. .},

where D corresponds to the constant defined in and the constants w; > 0 and 0 <
wy < min{wy, 1/((wy +1) [log(1—0U)|)} with U := (1+exp(—A))~! > 0 correspond to the
constant from Condition . Defining K5 == 2w; (w1 +1) D3 > 0 and Kg = wy (w1 +1) > 0,
this bound is:
18¢,ik] < Ks+ Kglog(k—1), ke{2,3,...}.

The bound for 8g, ;1 < 4 D? 4+ D differs to the result from S25 since for our definition of
M, ; there are additional |[N; UN;| < D responses in M, ;.

Adding edges €,, defined as the edges from vertices to other vertices with a geodesic

distance of two in G1, to G, reduces the geodesic distance between all vertices from k£ €

{1,2,...} in Gy to [k/2] in G. Therefore, |8q, ;x| = |8g,i2k| + [8g,.i2k-1] holds for k €
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{1,2,...} and i € {1,..., M}. This allows us to relate the bounds for |8g, ;x| to bounds

for |8g, ;x| With k=2.3,...and i € {1,...,M}:

860kl = [8g1i2k] + 85,5251

IN

2 K5 + Kg (log(2k) +log(2k — 1))

IN

2 K5+ 2 Kg log(2k)
= K+ Kslogk
and
8¢,:1] < 4D?*+ D+ K, = Kj,
with Ky =2 K5+ 2 Kglog2 and K5 := 2 Kg. This proves the statement with K; > 0, Ky >
0, and K3 > 0.

Lemma 7. Consider the model of Corollary . Then, for any pair of units {i,j} C Py

such that N; 0 Nj # 0,

1 1
< PolZij=1|m y, z_fij3) < :
1+exp(CDZ[O].) = olZij =112y, 2 (i) 1+ exp(—C D2 |0].)

PROOF OF LEMMA . For all {i,j5} C Px such that N; N N; # 0, the conditional

probability of Z; ; given (X,Y,Z_(; ;) = (2, Y, 2_{5}) is

PQ(ZZ'J' = Zij | Tr,vYy, Z—{i,j})
exp (9T b(z, y, Z{ij}s Zi,j))
exp (OT b(.’,C, Y, z—{i,j}, 1)) + exXp (OT b<w7 Yy, Z—{i,j}7 0))

1
L+ 9(1 = 25204y, %5, 60)

with

9(2; Z_{ij} Zi,jae) = €Xp (GT (b(az, Yy, Z—{i,j};Z) - b(wu Y, 2_{ij} zzg))) .
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Note that

max ’ba(wa Yy, Z,{i,j},O) - ba(wv Y, 2 {ij}s 1)’
Z_{i,j} €%~ {i,j}

(

0 ifae{l,....,N}\ {i,j}
1 if a € {i,7}
< ;
1+D ifa=N+1
2C ifa=N+2
where Z_g; jy = Xé\;yh)#(iyj) Zr,p, is the domain of Z excluding Z; ;, C' corresponds to the

constant from Condition , and D matches the constant defined in (D.4)). . The bounds for
a=1,..., N follow from the observation, that the degree statistic of unit a can, first, only
affected by connections z; ; with a € {7, j} and, second, be at most 1 if this is the case. For
a = N + 1, the bound follows from Lemma 18 of S25. For a = N + 2, the sufficient statistic
counts the number of connections with overlapping neighborhoods and either Y; z; > 0 or
Y;z; > 0. For N; N N; # (), the maximal change in the statistic is 2 C since y; € {0,1}
and z; < C for 1 € Py, otherwise the maximal change is 0.

Upon applying the triangle inequality,

07 b(x, y, z_(iy,2) — 0" b(x, y, z_51,25)] < (2+2C+D) |6],,

we obtain for N; NN, # ()

exp(—(2+2C+D)|0],) < g(1—zij;2 (i4,2,50) < exp((2+2C+ D) [0],).

Upon collecting terms, we obtain the final result:

1 1
P Zz =1 L, Y, 2 {ij S
T+ exp (G 61 o =tlmw 2ua) S g el
! < Po(Z 1] ) < !
i — Z, y B—{ij
T+exp(CD2]ol,) = 07 IO = T g (0D 0]L)
where D € {2,3,...} and Cs :=2+2C + D > 0 are constants.
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Lemma 8. Consider the model of Corollary (il Then, for any i€ {1,...,M}

1 1
< P }/;:1 y Y—iy S .
Tep@D ol = F @y 2) S T e D el

ProOOF OF LEMMA [8] The conditional probability of ¥; given (X, Y_;, Z) = (y_;, 2) is

eXp (0T b(m7 Y—i, yivz))
€xXp (OT b(337 Y, Oa Z)) + exp (OT b(QZ, Y—i, 17 Z))
1
Q(Oa’y—u yzae) +g(17y—17 ylag)’

PG(K =Y | T, Y—i, Z) -

where

g(ya Y—iy Yi, 0) = ©eXp (0T (b(iL‘, Y-i, Y, Z) - b(mv Y—is Yi, Z))) .

Note that

0 ifac{l,...,N+1}

max |ba(w7 Y, O,Z) - b(L(m? Y—i, 17'2)’ S
Yy—i€Y—;

CD? ifa=N +2,

where Y_, = Xj\;z Y, is the domain of Y without Y;, C' corresponds to the constant from
Condition , and D matches the constant defined in . The bounds fora =1,..., N+1
are 0 as the corresponding statistics are not affected by changes in y. For a = N + 2, the
maximal change is bounded by the number of units j such that N; N N; # ), which is
D?, times the maximal value C of the predictors. The remainder of the proof of Lemma

resembles the proof of Lemma [7]

Lemma 9. Consider the model of Corollary[1. If Conditions [1}, [, and[J are satisfied
with ¥ € [0,1/18), we obtain the following bounds for all elements of B(0, w), being the

covariance matriz of the sufficient statistics byy1(x, y, z) and byio(x, y, z) defined in
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Section [D.1}, for all @ € © and all w € W:

ND>
Bi1(0, w) < 1

NC? D>
|B12(0, w)] < 1

N C? D>
Bys(0, w) < —C;l )

PROOF OF LEMMA [9] We first bound By (6, w) from above as follows:

Bl,l(ea ’(U)

<

WE
:MZ

_l’_

Vaij(snyi(z, y, Z))
1

v (30 a o)

a=1 b=a+1

N N
Cij Vi (Z Z Zap da,b(Z)>
1 a=1 b=a+1
N N
¢;; D? <Z > Vaig (Zay da,b<z>>>

a=1 b=a+1

=1 j=1

M =
Mz

1

)

+

1 j=:

(D.42)

%

WE
-

+

)

1

M) =
NE

1

J’_

i=1 j=i

where D matches the constant defined in (D.4) and the function d,;(Z) is defined in

(D.2). On the second line of (D.42)), we use that the fact that A; N A, = 0 implies that

dii(Z)Z;; = 0 and d,p(Z) Z,p does not depend on Z;; for any {a,b} # {i,j}. For the

inequality in the last line of (D.42)), we use the fact that the number of pairs (a,b) for

which d,,(Z) Z, is a function of Z, ; is bounded above by D (see proof of Lemma 19 in

S25). Invoking Lemma 15 of 525 together with applying

gives:

3110 w

Z Z v <Z > Vaig (Zay dmb(Z))) = Nf

il

N N
SN Vaiy (das(2) Zay) <

a=1 b=a+1

a=1 b=a+1
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We proceed with bounding B, 2 (6, w):

Bys(0, w) = ZV% snio(x, Y, 2)) +

=1 =1 j=1+1
N N N

= ) Vy, ((Z Cij T Zw) Yé) +> Vi (Cig (@iy; + x5 yi) Zig)
i=1 i=1 j=i+1
N N N N

- > (Z Cij T Zm) Vi (V) + > Y i @iy + 25 5)° Vo (Zig)
i=1 \j=1 i=1 j=i+1

5N C?D* NC? D5
< 1 < 1

because |z;| < C according to Condition . For the first inequality, we also use that

N
D> i
j=1
by Lemma 15 in S25. We obtain

NC? D5

max{B;1(0, w), Bs>(0, w)} 4

which provides an upper bound on |Bj 2(0, w)| by the Cauchy-Schwarz inequality:

N C? D?

|B12(0, w)| < \/31,1(97 w) \/B2,2(9, w) < 1

Lemma 10. Consider the model of Corollary[l. Define

7T-v,'w_u,w’_v = ”IPO( : | w—v) - PO( : | wl—v)HTV

T = max max Tow . w -
1<Sv<M (wop,w ) EW_yxW_,, 77"

Let D € {2,3,...} be the maximum degree of vertices Z; ; in G. Then

1
1+ exp(=C D? |07],)

ProoOF orF LEMMA [10. The proof of Lemma resembles the proof of Lemma 21 in

S25, adapted to the bounds on the conditional probabilities derived in Lemmas [7] and [§]

We distinguish four cases, where W, with v € {1,..., M} relates to:
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1. Connection Z;; of a pair of nodes {i, j} C Py with N; N N; = 0.
2. Attribute V; with i € Py and {j € Py : N; N N; # 0} = 0.
3. Connection Z; ; of a pair of nodes {7, j} C Py with N; N N; # 0.
4. Attribute Y; with i € Py and {j € Py : N; N N; # 0} # 0.

In cases 1 and 2, W, is independent of W_,, so that Tpaw_,w , = 0; note that case 2
cannot occur, because Condition (1| ensures that there are no units i € Py with {j € Py :
N;NN; # 0} = 0. In cases 3 and 4, W, depends on a non-empty subset of other vertices in
§G. Consider any v € {1,..., M} such that 7, 4_, 4 > 0 for some (w_,, w’ ) € W_,xW_,
and define

apy = Po(W,=0|W_,=w_,) and a;, = Po(W,=1|W_, =w_,)

bow = Po(W,=0|W_,=w",) and b, = Pe(W,=1|W_,=w",).

Lemma 21 in S25 shows that

Tow_pw , < min{max{ag,, boy}, max{ai,, biy}}.

Plugging in the bounds on the conditional probabilities in Lemmas [7] and [§] we obtain

1
VW, W’ < ’ eV
et S Trep (0Dl T
and
< L ev
Tow_,w < , v .
e = T exp (O D2 [67]) ’
Since D € {2,3,...}, we obtain
* < 1
T = max max Tow ow < .
1SUEM (wep,w ) EW_yxW_,, Y 1 +exp(—C D? |64 .)

Lemma 11. Consider the model of Corollary [1 If Conditions [1] and [4] are satisfied

along with either Condition [4 or Condition [5 with ¥ € [0,1/18), there exists an integer
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No € {3,4, ...} such that, for all N > N,

4

PV = v

where H is defined in .

PROOF OF LEMMA [11] We prove Lemma [I1] by showing that

N N 2
P(;”Hi,l(w)”m < m) = max{N, p}2

> AN 9
P<;||H¢,2(W)||Oo < m) P EWIES

(D.43)

To prove the first line of (D.43), we first bound (1/2) 2N, | H;,(W)|_, from below. We

then use Theorem 1 of (Chazottes et al.| (2007, p. 207) to concentrate ZZ]\LI |H;1(W)|

oo’

Last, but not least, we show that there exists an integer Ny € {3,4,...} such that the

obtained lower bound for (1/2) 2N, |H; 1 (W)|_, is, with high probability, greater than

the deviation of SN, |H;1(W)|_, from its mean. The first line of (D.43)) follows from

combining these steps. The second line of (D.43) can be established along the same lines.

A union bound then establishes the desired result:

P(W g H) < P(Z”HH(W)HOO < m>
+ P(Z H W), < 2(1+—ffw))>
o+
max{N, p}?’

Step 1: Condition 1] implies that, for each unit i € Py, there exists a unit j € Py \ {i}

such that N; N N; # 0 and x; € [¢, C]. Thus, by Lemma [7, Lemma 17 of S25, and

Conditions [T] and [2| we obtain

1 & 1 & N N
— H; > = Ed,j(Z) > ————= 2> —F
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Theorem 1 of |Chazottes et al. (2007, p. 207) implies

2¢?
P t] > 1-2 — .
(. <) - eXp( %ruwewn@)

N N
S IHi(w)], —ED [Hi (W),
i=1 i=1

Choosing

t = /logmax{N, p} Uy [|Dn(0%)]2

gives

N N
S TIH (W), —EY [ Hi (W),
i=1 1=1

P(A

> 1

< Vlogmax{N, p} U [ Dy (6") HI2>

2
B max{N, p}?’

Next, we demonstrate that there exists an integer Ny € {3,4,...} such that, for all

N>N1,

N1—219
4exp(2FE)

Viegmax{N, p} Uy [ Dy (6")]2 <

To do so, we bound the three terms one by one. Using max{N, p} = N + 2, the first term,

V/log max{N, p}, is bounded above by /log max{N, p} < 2/log N provided N > 2. The
second term is bounded above by Uy < D V/N as shown in the proof of Lemma 14 in
S25. The third term is bounded above by [|Dy(6%)||2 < C3 by Lemma |5, where C5 > 0 is
a constant.

Combining these results gives

Nl—ﬁ
2y/NlogNC5,D < ———
4 exp(E)

N1—219
D E :
8C3 D exp(FE) Tog N

Similar to the proof of Lemma 14 in S25, this implies
N
N 2
P H; (W > — | > 1 - — .
(Z Wl = 5% X(O*))2) ST
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Step 2: Conditions [I] and [2] along with Lemma [7] establish

N N
1 c? 2N N 2 N9
= |Hip(w > =N EZy; > > > -
2 — ” ,2( )Hoo = 9 p 5J 2(1 +X(0*)) 4X(0*) 4 exp(E)

Once more, we invoke Theorem 1 of (Chazottes et al.| (2007, p. 207) to obtain

/()

N N
S IHix(W)|, —E> [Hio(W)| .| < logmax{N, p} ¥y H|DN(9*)|H2>
i=1 =1

2

> 1 - —
- max{N, p}?

We proceed by showing that there exists an integer Ny € {3,4,...} such that, for all

N > Ny,
C2 Nl—ﬂ
4 exp(F)

VIogmax(N, p} Uy Dy ()] < (D.44)

We bound the three terms on the left-hand side of (D.44)) one by one. The bounds on the

first term, y/logmax{N, p}, and third term, || Dx(6*)]2, are the same as in the first step.
With regard to the second term, we obtain ¥y < 5 VN by the proof of Lemma |4| with
Cy > 0.

Combining these bounds gives

02 Nl—ﬂ

9 /NIogNC, < 1
4 exp(F)

8 N1—219
= E < =

which vanishes as N — oo under Conditions [2[ and [5| with ¥ € [0, 1/18). Thus, for all

N > Ny,

al 2N 9
IP’(ZI: |Hix (W), > —2(1+x(0*))> AT

E Quasi-Newton Acceleration

The two-step algorithm described in Section iterates two steps:
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Step 1: Update 0@ given Oét_l) using a MM algorithm with a linear convergence

rate (Bohning and Lindsay|, 1988, Theorem 4.1).

Step 2: Update 0;'5) given OY) using a Newton-Raphson update with a quadratic

convergence rate.

To accelerate Step 1, we use quasi-Newton methods (Lange et al., 2000): We approximate
the difference between (A*)~' and [A(@®)]~!, defined in Lemma [2| and Equation @,
respectively, by rank-one updates.

A first-order Taylor approximation of Vg, (61, Oét)) around HY) shows that
—A0Y) k6", 6,; 0y ~ 6" — 6, (E.1)

where

k(61,015 08)) = Vo, 0(6:,60") Ve, £(6,,6). (E.2)

0,=6"

Since a standard Newton-Raphson algorithm corresponds to (E.1) with 6; = 0?71), the
change in consecutive estimates carries information on [A(8®)]~!, which we want to ap-

proximate. More specifically, we approximate the difference between (A*) ™" and [A(0®)]~1.

Thus we write (A*)™" — [A(61)] 1= M® and set 0, = 6"V, so that (E.1) becomes

MOk@6",0;7";0) = (8 —61")+ (A" k(6] 617 60) = r®,  (E3)

which is called the inverse secant condition for updating M®. Given that relates
[A(0M)]! to the score functions through the definition of k(OY), OY_U; Oét)) in and
estimates 0@ and 0?71)7 the updates of M1 will be based on . We employ the
parsimonious symmetric, rank-one update of |Davidon (1991) to satisfy by updating

M® as follows:

M® = MO 1 g0 (q®)7 [c0] 7" (E.4)
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with ¢ == 7 — MV k(0D 00-1; 8) and ) == (g)T k(OD,0¢1; 6). We seed
the algorithm with the MM update described in Sectionby setting M(® = 0, the N x N
null matrix.

In summary, the quasi-Newton acceleration of the MM algorithm updates OY) given 05”

as follows:
Step 1: Calculate k(6'", 8" Bét)) defined in (E.2)).
Step 2: Update M® according to (E.4).
Step 3: Update HYH) from 0@:

0515_;,_1) _ 0?) + [(A*)fl . M(t)] |:V01 E(Ol,eét))

9199] . (E.5)

Unlike the unaccelerated MM algorithm, the described quasi-Newton algorithm does not
guarantee that 12(0?“’, 9§t+1)) > E(O?H), Bét)). Therefore, 0§t+1) is updated by either
the quasi-Newton update (E.5) or the MM update ((10]), whichever gives rise to the higher
pseudo-likelihood. The resulting updates slightly increase the computing time per iteration

while potentially dramatically decreasing the total number of iterations.

F MM Algorithm: Directed Connections

If connections are directed, Z; ; may differ from Z;;. In such cases, the pseudo-loglikelihood

can be written as

N N-1 N
(o) = Y 4(6)+ > i),
i=1 i=1 j=1,j#i

where ¢; and ¢; ; are defined by

(i(0) = log pe(yi | y—i, z) and (;;(0) = log pe(zi; | Y, 2—1ij}).
We partition the parameter vector 8 = (6,, 8y) € R2VN 12 into
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e the nuisance parameter vector: 6, = (az01, ---, Q20N, X211, ---, Q2 N-1) €

2N-1.
R=475

e the parameter vector of primary interest: 0y = (ay, Fxyi, Sxy2, Oxys, A V221,
V22,20 VX215 VX225 VX3 VU2A V920 Yuyz) € R

As explained in Section ag N7 1s set to 0 in order to address identifiability issues. The

negative Hessian is partitioned in accordance:

where A(0) € RCN-DxEN=1)" B(9) ¢ REN-Dx13 and C(6) € R'¥3*'3. Writing (6, 0;)

in place of £(0), we compute at iteration t + 1:
Step 1: Given 6", find 6"V satisfying £(61""", 05"y > ¢(6{",6{").
Step 2: Given 0§t+1), find Oétﬂ satisfying 6(0 (t+1) 0§t+1)) > E(GYH),OS)).

In Step 1, it is inconvenient to invert the high-dimensional (2 N —1) x (2 N — 1) matrix

AOD) = —Z Z V2 (6,0 ‘ o Z Z —rNei el

i=1 j=1,j#i i=1 j=1,j#i

Note that the definition of vector e; ; € R2N-1 differs from the undirected case described in
Section[3.2] For j # N, let e;; be the (2N —1)-vector whose ith and (j+ N)th coordinates
are 1 and whose other coordinates are 0. For j = N, let e; ; be the (2 N —1)-vector whose ith
coordinate is 1 and whose other coordinates are 0. Along the lines of the MM algorithm for
undirected connections described in Section we increase ¢ by maximizing a minorizing
function of ¢, replacing A(8") by a constant matrix A* that is more convenient to invert.

The constant matrix A* is defined as

* *
A A1,1 A1,2

(A1) A;,
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where

o A7, € RVV and A%, € RW-D*(V=1 gre diagonal matrices with elements (N —1)/4

on the main diagonal;

e Aj, € RN*(N=1) s a matrix with vanishing elements on its main diagonal and off-

diagonal elements 1/4.

Applying Theorem 8.5.11 in Harville (1997) to A7, and A* shows that matrix can
be inverted in O(N) operations. With the above change in the constant matrix A*, we

estimate @ along the lines of Section

G Hate Speech on X: Additional Information

G.1 Data

For the application, we use posts of N = 2,191 U.S. state legislators on the social media
platform X collected by |[Kim et al. (2022) in the six months leading up to and including the
insurrection at the United States Capitol on January 6, 2021. We restrict attention to active
legislators, that is, legislators who posted during the aforementioned period and mentioned
or reposted content from other active legislators. Since reposts do not necessarily reflect
politicians’ opinions, we exclude all reposts and non-unique posts that are direct copies
of other users’ messages to gather information on responses. Employing large language
models of (Camacho-Collados et al.| (2022) pre-trained on these posts enables categorizing
the 109,974 posts into those containing hate speech statements versus those that do not.
Accordingly, the binary attribute Y; equals 1 if the corresponding legislator sent at least
one post classified as hate speech and 0 otherwise. The algorithm of |Camacho-Collados

et al.| (2022) provides for each Tweet a continuous value between 0 and 1. We classify
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the respective Tweet as using hate speech if its value is larger than 0.5. The attribute
xi1 € {0,1} is 1 if legislator 7 is a Republican and 0 otherwise. In addition, we incorporate
information on each legislator’s gender (x;, = 1 if legislator 7 is female and 0 otherwise),
race (x;3 = 1 if legislator is white and 0 otherwise), and state (x;4). On the social media
platform X, users have the ability to either mention or repost other users’ posts. The
resulting network, denoted as Z, is based on the mentions and reposts exchanged between
January 6, 2020 and January 6, 2021: Z; ; = 1 if legislator 7 mentioned or reposted legislator

j in a post.

G.2 Plots

In addition to the goodness-of-fit checks reported in Section [6], we assess whether the model
preserves salient characteristics of connections Z. Figure |5 suggests that the proposed
model captures the shared partner distribution, i.e., the numbers of connected pairs of

legislators {i,j} C Py with 1, 2, ... shared partners.
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Figure 5: Hate speech on X: The red line indicates the observed shared partners distribution
of the network of repost and mention interactions of U.S. legislators, while the boxplots

represent the shared partners distributions of simulated networks from the estimated model.
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