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Relational Event Models (REMs) provide a rigorous framework for analyzing dyadic
interactions observed in continuous time, capturing history-dependent dynamics such
as triadic closure and reciprocity. Framing REMs through the lens of counting pro-
cesses embeds the model in a rich theoretical foundation, facilitating its mathematical
analysis. While Maximum Likelihood Estimation (MLE) is standard practice for
estimating these models, the underlying statistical guarantees rely on specific asymp-
totic regimes, namely, whether the network size (n), the observational period (T),
or both approach infinity. We review the theoretical foundations of such counting-
process-based models, formalizing the core assumptions required to achieve asymptotic
normality across these different limits. With a specific focus on Cox-type multiplicative
models, we detail the circumstances under which these assumptions hold. Supported by
simulation studies, we illustrate how structural modeling choices, including temporal
windowing and logarithmic transformations, affect empirical coverage and estimator
convergence. We thereby derive several guiding principles for specifying such models
in realistic contexts, bridging theory and practice.
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1 Introduction

With the advent of computational social science, continuously collected interaction
data at scale, measuring, for instance, e-mail traffic via logged data or face-to-face
interactions via sociometric badges, are becoming widely available [1, 2]. Contrary to
survey data [3], we can easily measure such event data at scale and with fine-grained
temporal resolution. This data enables insights into micro behavior within organiza-
tions, such as hospitals [4], or in disrupted environments, such as the September 11
attacks on the World Trade Center [5].

The statistical unit in this context is a relational event, representing instantaneous
interactions between entities at a given point in time. Denoting the set of observed
entities by P, .= {1,...,n} and the observational period by T := [0,T] with T" > 0,
a relational event is denoted by a tuple e = (4, j, t) for an event that occurred between
sender i € P,, and receiver j # i € P,, at time ¢t € Tr. In the examples mentioned in
the opening paragraph, an event e = (i, j, t) corresponds to a patient transfer between
hospitals ¢ and j at time ¢ in Kitts et al. [4], while it corresponds to communication
between two responder groups during the World Trade Center attack in Renshaw
et al. [5]. We refer to the sender, receiver, and time of the mth event by 4,,, jm, and
tm, respectively. Events can more broadly be associated with a particular direction,
duration, and weight [6] and even occur between sets of entities [7]. Most material
developed in this manuscript generalizes to such settings, but for the sake of simplicity,
we only cover undirected dyadic interactions in this article. The set of sender and
receiver pairs (7, j) is then given by D,, == {(4,4) | i, € Pn,i < j}.

We specify generative models for these dyadic events via n (n — 1)/2-dimensional
counting processes N (t) = (N; ;(t))(,)eD,, - The (i, j)th coordinate of N (t) counts the
number of observed events between entities ¢ and j that were observed until and includ-
ing any point in time ¢ € Tp. To simplify later notation, we write N; ;(t) = N;,(t)
for ¢ > j. We characterize the instantaneous probability of a jump in any coordi-
nate of these counting processes by the intensity A(t) = (A ; (t))(i,j)eDn' Different
parametrizations for this intensity are surveyed in Fritz et al. [8] and Bianchi et al. [9)].

The common quantitative research pipeline starts by theorizing about potential
statistics that inform interactions based on prior theoretical research, such as [10, 11],
that operationalize testable hypotheses. Neighboring entities in interaction networks
are unlikely to behave independently, therefore, any realistic theory for such complex
behavior puts dependence between studied entities at its core [12]. For instance, if
entities ¢ and j have previously interacted with a common partner h, they might be
more likely to interact with one another in the future [13]. In the words of Butts [3, p.
160], “history creates the context for present action”. An appropriate statistical model
in this context can encode such dependencies in different model specifications. Both
frequentist and Bayesian approaches can be used to draw inferential conclusions given
the interaction data at hand. To our knowledge, most approaches within the Bayesian
paradigm are methodological papers, e.g., [14, 15], while the entirety of substantive
application papers relied on frequentist approaches, e.g., [4, 5, 16, 17]. We therefore
here focus on frequentist approaches where the parameters are estimated via Maximum
Likelihood.



To carry out statistical tests to decide between different possible data-generating
mechanisms or obtain confidence intervals, we heavily rely on the sampling distribution
of the Maximum Likelihood estimate. Since this distribution is generally unavailable
for finite samples, we need a central limit theorem to guarantee that the sampling
distribution can be approximated by a multivariate normal distribution under some
asymptotic regime. For event data studied in this article, one can think of different
asymptotic regimes:

1. T — oo with fixed n: Assume we are studying interactions among a fixed set of
entities over some time and intend to draw inferential conclusions on where the
estimates would lie if we were to observe the set for longer;

2. n — oo with fixed T: Assume we are studying a growing population of entities over
a fixed time and intend to draw inferential conclusions based on a subsample where
all sufficient statistics only depend on other entities also in the sample.

3. T and n — oco: Assume we are studying a growing population of entities over an
increasing observational period. This setting is the least explored for counting-based
models and we need to assume some growth rates of n and 7.

While all asymptotic regimes can lead to a valid central limit theorem, different con-
ditions must be met in each case. We argue that practitioners should carefully assess
these while specifying their models and interpreting the results. We first describe in
Section 2 how counting processes serve as a natural framework for modeling relational
event data and then review in Section 3 theoretical results. We here focus on the nec-
essary assumptions and what they imply in practical settings. Using simulations and
theoretical results, we illustrate in Section 4 how particular choices affect inference
results, drawing on the survival analysis literature on independent observations.

2 A Counting Process Framework for Modeling
Relational Event Data

Relational event data is a distinct type of time-to-event data in which events occur
between pairs of entities, such as an email sent between them [18], rather than a single
entity, such as a patient passing away. The most general framework for time-to-event
data is based on counting processes developed by Andersen and Gill [19], which we
adapt to relational event data. Introducing advanced mathematical concepts such as
martingales, filtration, and predictability would make the review of more involved
mathematical concepts necessary. Thus, we refer to Andersen et al. [20] and Aalen
et al. [21] for a thorough treatment of these foundations.

A counting process for pair (i,7) € D,, on the interval T is a stochastic process
N; ;i Tr = Ng:={0,1,2,...}, whose state at time t € Tp is defined by

Nij(t) = 21 lem = (4,4, tm) Atm < 1), (1)

and counts the number of interactions between entities ¢ and j with (4,j) € D,,. We
distinguish between the entire stochastic process, N;; = {N; ;(t) | t > 0}, and its
status at t € Tp, N; ;(t), and collect the counting processes of all pairs of entities in



N = (Ni;j)i,j)ep, - By Equation (1), each coordinate of this multivariate counting
process is nonnegative, integer-valued, and adapted to the natural filtration F; =
o({N(u) : u < t}), which is a so-called o-field growing with time. One can think of F;
as the collection of all available information until and including time ¢. If additional
information, such as covariate information for each unit or dyad, is available over time,
we can augment the filtration &F; accordingly.

Given these properties, one can show that IN is a sub-martingale, allowing us
to write its (7, j)th coordinate as a superposition of a martingale and compensator
process:

Nij(t) = M (1) + Ai (D), (2)
for all t € T and (i, ) € D,. Equation (2) is called the Doob-Meyer decomposition.
The martingale M, ; : Tr — R is a stochastic process such that E(M; ;(t) | Fs) =
M; ;(s) for all s < t. One can understand the martingale component as a residual
or noise process without any structure related to the available information F;. The
compensator process, on the other hand, is the part of the counting process that is
predictable with the available information.

Since the compensator is a non-decreasing predictable process, we assume that it
can be written as an integral

Apy(t) = / Aoy (r)dr 3)
0

for some non-negative stochastic process X;; : Tpr — [0,00) for each (i,j) € D,,
called intensity. Thus, we here implicitly assume that the process defined through
Equation (3) is absolutely continuous. In case the compensator A; ; experienced a jump
at to when N; ;(to) experiences a jump with positive probability at ¢, it would pro-
hibit the integral representation in Equation (3). Therefore, we exclude such discrete
behavior and focus on the continuous case. The matrix A = ()i ;)¢ j)ep, defines in
its (¢, 7)th coordinate the instantaneous probability of a jump in the counting process
Ni,j (t)

Xij(t) = limp 0 4P (Nij(t+h) = Ny j(t) = 1] F-), (4)
where ¢t~ denotes the time point right before ¢ € Tp. The information from ¢ is here
excluded since what happens at instance ¢ should not affect \; ;(t).

While the formulation in Equation (4) is nonparametric and potentially depen-
dent on the complete filtration F;—, in most real-life applications it is more practical
to assume that some low-dimensional vector encodes all necessary information from
the past. To describe this low-dimensional information, we introduce the sufficient
statistics s; ; : Tp — RP to map the high-dimensional historical information to a
p-dimensional covariate space. We omit the specific dependence on F;,- and write
8ij(t) = (8ij1(t), ., sijp(t)) 7 but keep in mind that s;;(t) may only depend on
information that is observable before time t. These statistics summarize all depen-
dence of \; ;(t) on the past and facilitate the integration of substantive theory in
model specification. For example, the theory of triadic clustering [13] can be assessed



by incorporating the count of common partners of pair (i,5) € D,, in the gth coordi-
nate of the sufficient statistics via s j4(t) = 2250 ;3 LN (t7) > 0) I(Np;(t7) > 0)
for some g € {1,...p}. Similarly, the conversational norm of reciprocal communication
[22] can be captured in the statistic s; ; 4(t) = I(é; = (j,)), with &, denoting the tuple
of sender and receiver of the last event observed before time t. Consequently, sufficient
statistics s; j(t) are the primary tool for encoding arbitrary dependence assumptions
of past events on future events.

The final model component is the specification of the structural relationship
between s; ;(t) and \; j(t). First, we transform the sufficient statistics s; ;(t) to a
scalar value n; ;, = 0" s; ;(t), where 8 = (61, ...,0,) € RP is a p-dimensional unknown
parameter vector. Second, we transform this value by a function g : R — R™ that is
assumed to be strictly positive, bounded away from zero, and three times continuously
differentiable. The intensity is then given by:

Aijj (t10) =g i), (5)

which generalizes several prominent model classes within the literature. In this paper,
we assume a correctly specified model, such that there exists a true parameter 8* such
that (A ;(t | 6%)),j)eDd, is equal to the intensity functions associated with IN.

Example 2.1 (Additive Models). Letting g(z) = = and defining the sufficient statistic
vector as s; j(t) = (l,fot exp(—(t — u))dN; ;(u))" yields a Hawkes process for the
interaction data [23]. In this example, only previous events between entities (i,7) €
D,, affect the intensity A, ; (¢|0) additively in the near future, where the past is
exponentially down-weighted. We need to make sure that s; ;(¢) 76 > 0 holds for all
(i,4) € Dy, and t € Tp. Several comparable methods were proposed in the literature
in this additive setting [24-27].

Example 2.2 (Multiplicative Models). Setting g :  — exp(x), yields the original
Relational Event Models as discussed in Butts [28]. The effect of the g-th coordinate
Si.j.q(t) of the sufficient statistics increasing by one unit, is then given by the multi-
plicative factor exp(6,). Much literature on such Cox-type models has been developed
[14, 29-31].

3 Practical Asymptotics

The choice of sufficient statistics reflects competing hypotheses regarding the under-
lying data-generating process. In applied research, selecting the most appropriate
specification requires a principled statistical framework. Standard inferential tools,
such as confidence intervals and hypothesis tests, typically rely on the asymptotic
distribution of the estimator . In this section, we will discuss, how the asymptotic
regimes where either T' — oo or n — oo or both, affect the mathematical analysis.
To keep our notation general, we introduce the sample size S := S(n,T’) and write
S — oo for either n — oo, T — oo or both. In the classical setting of iid data, we
would expect that T is fixed and n — oco. However, in an REM context, it is not



always reasonable to assume that units behave independently. But, as we will point
out, this is not necessarily a problem as long as behavior of a new unit brings new
information that can be leveraged for estimating the true data-generating parameter
denoted by 8*. On the other hand, from a time-series point of view, we would expect
that n is fixed and T' — oo. In such a setting, observing the units for longer times pro-
vides more information for estimating 6*. In this context, dependence between units
is natural, but a certain stationarity in time will be required.
Our focus lies on the maximum likelihood estimator

s := argmax (s(0), (6)
6c®

where the log-likelihood of the counting-process based models developed above is

l5(0) (7/10g/\”t|0dN” / Aij(t]0)dt

(i,5)€EDn

In practice, the maximizer in Equation (6) can often be found via iterative meth-
ods, such as Newton-Raphson [30], Fisher scoring [28], or Expectation Maximization
algorithms [24]. In Section 3.1, we will start to discuss the general mathematical
starting point to obtain an asymptotic distribution of the resulting Maximum Likeli-
hood estimator, independent of the exact regime of interest. In Section 3.2, we then
emphasize for the case of a multiplicative Cox-type model, how the regimes affect the
mathematical analysis.

To explain the relevance of the assumptions that will be mentioned below, we will
use the following definitions

B B doXii(t]6) .\ .
Us(6) :=0gls(8) _(17;:@” < /Tr T8y dN; (t) . doi j(t | 0)dt>, (7)
Hs(0) :=— 03ls(0),

B 89/\ (1 0) (Dediyt 1O\
SO INGwarRlSwary REULE )

where Jp and 93 denote the gradient and Hessian matrix with respect to 6, respec-
tively!. Note that log\; ;(¢ | @) appears as the derivative dglog \; ; = Jg\;i j/\i; in
integrals with respect to INV; ; or when multiplied with A; ;(¢ | *). Thus, we restrict all
integrals to {t € [0,T] : A ;(t| @) > 0} to avoid taking the logarithm of 0. Typically,
Us and Hg are called score function and observed information, respectively. The ran-
dom variable Fs is related to the variance of the score function and we will discuss
later in which cases both Hs and Fs converge to the Fisher information.

1Hence, we implicitly assume that g is sufficiently often differentiable.



3.1 Asymptotic normality for parametric models

We give now relatively straightforward assumptions that one has to check to obtain
asymptotic normality of the maximum likelihood estimator 8s in a parametric REM.

Assumption 1 (Smoothness and bounded statistics). The function g : R — (0, 00)
is three times continuously differentiable. The parameter space ® C R? is bounded.
Moreover, the sufficient statistics are uniformly bounded, that is,

sup sup max ||s;;(t)]] < M almost surely
neNteTyp (4,7) €Dy

for some M < oo.

Assumption 2 (Convergence of observed information). For as = /Tn(n —1)/2 —
oo it holds that

ag’ Z /((%kael log A ;(t | 6*))? Ni,j(t;0%)dt

(i,j)GDnj’T

converges in probability to a finite constant for all k,l € {1,...,p}. There is a positive
definite matrix X(0*) € RP*P such that

az2Fs(6%) 5 $(6%).

Assumption 3 (Scaling). The sequence

=D SN PG ST

(i,j)GDn(‘]’T
converges in probability to a finite constant.

The smoothness requirements on g in Assumption 1 are often fulfilled in practice
and ensure that some technical conditions are met. The boundedness of the sufficient
statistics can, for example, be achieved by rescaling. We return to this point in remark
3.3. The choice of as in Assumption 2 is natural in view of the required convergences
because n(n — 1)/2 equals the number of unordered pairs and T is the length of
the integral. It will turn out in Theorem 3.1 below that as determines the rate of
convergence of s to 6*. The limit Y(6*) in Assumption 2 plays the role of the Fisher
information, and the two convergences in Assumption 2 together imply that

a3 Hs(0%) 5 %(6%) (9)

for § — oo, which we would expect because we consider correctly specified models.
Assumption 2 is the main requirement that one has to check for a specific model. We



provide more details in case of the Cox model in Section 3.2. The final Assumption 3
is posed for technical reasons. Given Assumption 2, it does not pose any substantial
constraint because the convergence requirements of Assumption 2 are very similar
to those of Assumption 3. For the Cox-type model discussed in Section 3.2, we even
observe that Assumption 3 is not required.

Under these assumptions, the following theorem guarantees asymptotic normality,
as a direct consequence of the general results in Andersen et al. [20].

Theorem 3.1 (Theorems VI.1.1 and VI.1.2 [20]). Let Assumptions 1-3 hold. Then,
the maximum likelihood estimator 6s is consistent and

as (és - 0*) 4 N0, 3(67)7L).

We discuss in Appendix A how our Assumptions 1-3 imply the conditions in Ander-
sen et al. [20]. To give some insight into the proof, we provide a short discussion here.
Assumptions 1 and 2 imply that Us(0*) behaves asymptotically like a normal distri-
bution. Plugging the Doob-Meyer decomposition from Equation (2) into Equation (7),
we obtain

“ oNij(r|0%) / JoNiji(r|6%), .
U= 2 </¢ arpen M ey MO

(1,J)€EDn

“ Og i (|0
/89)\”T|9 ) > / o ’Jrlg*))dMi’j(r).
»]

(4,5)€Dy

The last stochastic integral is a martingale because its integrator is a martingale itself.
Therefore, Rebolledo’s martingale central limit theorem (e.g., Theorem IL.5.1 in [20])
implies under Assumptions 1 and 2 that aglUS(B*) converges to a p-dimensional nor-
mal distribution N(0,3(6*)). To transfer this asymptotic normality to the estimator
ég, one essentially applies a Taylor expansion and proves that the remainder term
converges to zero as S — 0o. More details on this topic are provided in Appendix A.1.
The statement of Theorem 3.1 holds for all asymptotic regimes; however, the
growth rate of as and the validity of the assumptions depend on it. The main question
is if Assumption 2 holds. In principle, it can hold either if n — oo, T' — oo, or both.
Thus, estimation of the parameter 8* is possible in large networks that are observed
over a short time period, or in small networks that are observed for a long time. From
a substantive perspective, which asymptotic framework is more reasonable depends
on the data at hand and what type of inferential conclusions should be drawn from it,
see McCullagh [32] for a wider discussion. From a mathematical perspective, Assump-
tion 2 can hold for T' — oo only if the averages over time of the intensities stabilize.
If one wants to employ an T — oo assumption, one has to believe that the behav-
ior in different (far apart) time intervals is only weakly correlated. Conversely, in the
case n — 00, spatial averages are required to stabilize, i.e., one has to be comfortable
assuming that different (far apart) sub-networks are only weakly correlated.



Remark 3.2 (Feasible Set of Interactions). We assumed here that interactions are
possible between all pairs (i,7) € D,,. One may exclude certain pairs from the inter-
actions by studying intensities of the form C; ;(t) g(0"s; j(t)), where C; ;(t) € {0,1}
indicates if the pair (i, 7) is at risk of an event at time ¢. The discussion in this section,
can be extended to this case by choosing a different sequence as. For details we refer
to the discussion in Kreif et al. [29].

Remark 3.3 (Scaling of Sufficient Statistics). When dealing with sufficient statistics
that are not uniformly bounded (e.g., those growing with logn or even n), one may
standardize the covariates prior to estimation to satisfy Assumption 1. However, scal-
ing the sufficient statistics by a sequence ds — oo requires the true parameter 8* to
change with S to absorb this scaling. Therefore, the unscaled coefficient must shrink
to zero at the rate C’)(d;l) as the network grows and ds x as determines the conver-
gence rate of 8*. As an alternative, one may assume the true parameter 8* to remain
fixed. In that case, the change in scale in s; ;(t) can instead be controlled by standard-
izing the score and the observed information. We provide more details how this works
in Appendix A.1.1 and give only a brief discussion here. Assume for simplicity that

vs = E ((BoNis(t] ) Nis(t] 69))

is independent of ¢ for k =1, ..., p. Let Dgs be a diagonal matrix with diagonal entries
(\/Us.k)h—1- One can use this matrix to scale the score vector and the observed infor-

mation (e.g., Dg'Hs(6*)Dg" 5 ¥(0%)) after the derivatives have been computed.
This preserves the Central Limit Theorem in the sense that?

asDs (Bs —67) 4 N (0,2(67)71).

Note, however, that assuming that the unscaled coefficient stays fixed can imply explo-
sive behavior of the counting processes. Simulating from such a model can imply
so-called exploding counting processes. A non-explosive counting process must satisfy
the Feller criterion for any finite sample size S:

—1

i D 90Tsi;(te) | = oo (10)

k=1 \(4,j)€Dn

Intuitively, one can comprehend Equation (10) as guaranteeing that the waiting time
until the ooth event is co. For s; ;(t) € RP, it is, in practice, easier to define an
envelope g(873(T,n)) > g(07s; ;(t;)) for all (i,5) € D, and t € Tr and substitute

2We give more details about the necessary assumptions in Appendix A.1.1. But we note here that in
particular Lemma A.l is potentially no longer applicable to prove Assumptions IV and V in Appendix A
and other tools have to be used instead.



Equation (10) with

-1

S X g0Tsmn)| =

k=1 (4,5)€Dn

which is called the Jacobsen condition. Else, the Doob-Meyer decomposition from
Equation (2) and the foundation of this mathematical framework is invalid [33].

3.2 Application to Cox-type Models

In this section, we discuss the multiplicative case mentioned in Example 2.2 with
g(x) == exp(z) and \; ;(t | 0) = exp(0's; ;(t)). To fulfill Assumption 1, we assume
that © is bounded and that s; ;(t) is uniformly bounded. The differentiability of g is
guaranteed by the choice g(x) = exp(x). For the first part of Assumption 2, note that
log /\i7j(t | 0) = si,j(t)TB with

Og, log A (1| 07) = SE? (t).

This implies that 0y, 0g, log A; ;(t | @) = 0 and that the first part of Assumption 2
holds. The convergence in Assumption 3 is actually not required in this case: Upon
closer inspection of Appendix A one can observe that Assumption 3 is only required
for proving that the condition on H; ;% from Lemma A.1 holds. However, in the Cox
case, H; ; = 0, that is, we can directly check the condition on H; ; from Lemma A.1
without further assumptions. Note that the above discussion is valid for all asymptotic
regimes.

We are left to discuss the second part of Assumption 2, that is, the convergence of
ag>Fs(8*) — %(0*) for a positive definite matrix ¥(8*). We rewrite

Z /Ism ) T80 j(t) exp(si;(t) " 0%)dt = Z F; ;(t)dt,

(i.J) €D (i,5)€D, VT

where F; j(t) := s, j(t) " 8;j(t) exp(s; ;(t)T6*). Consider first the case where n is fixed
and T — oo. In this case, F,(t) := 2/(n(n — 1)) > (i jyen, Fij(t) can be under-
stood as a single stochastic process evolving over ¢t € Jpr. We require convergence
of 1/T f,I t)dt, which follows if the process F,, has certain ergodic properties*.

Such a property is, for instance, implied by a fading memory in the sense that char-
acteristics of F,, on a certain time interval I; C T7 behave almost independently of
characteristics of F,, on another time interval Iy C Tp when I; and I, drift further
apart. In applied research, two ways are common implemented to guarantee such a
fading memory: windowed statistics are employed in Stadtfeld and Block [35] where
events can only affect the intensity for a specific amount of time, whereas Brandes

3H; ,; bounds agkagl de,, log Xi j(t]0) =0.
See Chapter 25 of [34] for an in-depth treatment.

10



et al. [36] assumed that the effect of interactions at time s for the intensity at time
t > s is given by the exponential function with a particular half time.

For fixed n, the dependence structure of (F; ;)(; j)en, is not irrelevant but plays
a less prominent role. On the other hand, if n — oo, justifying ergodicity purely from
the temporal behavior becomes more difficult as the summation over (i,j) € D, in
Equation (8) can introduce an additional drift. In fact, if 7" is finite, such an argument
becomes even impossible, and one has to rely on a certain ergodicity property in

location. Writing
_ 2
(ISQFS(G*) = ——F Z Fi,j

n(n —1) 6.5eD.

with 1:"” = % fOT F;; (t)dt, we now require the average over dyads, Z(i,j)eDn’ instead
of the integral, f‘TT’ to stabilize. We illustrate how such a property can be derived from
a weak correlation property for disjoint dyads in the case n — oo and T fixed, using
ideas from [29], and then motivate weak correlation by introducing a fading memory
in location.

Suppose that the whole process is vertex exchangeable, that is, the joint distribu-
tions of (Nj j, 8i ). 5)eD, and (Nx() x(5) S=(i)=(j))(i,j)eD, are the same for any per-
mutation 7 of {1,...,n}. In particular, this assumption implies that (N; j, 8i ;)i j)en,
is a collection of identically distributed random variables. A simple, and in this case
sufficient, strategy to prove convergence of a§2F5(9*) relies on the Markov inequality
to check the definition of convergence in probability. For illustration, we assume that
s;;(t) € R, but, on the expense of more involved notation, the argument transfers to
the multivariate case. For arbitrary € > 0, it holds that

1

P ( ag’Fs(0*) — 7 /TT E(Fu(t))dt‘ > e>

2
1

a§2F3(0*) _ ;AT E(Fl’g(t))dt

1
ey Z > - Cov (/T F,;()dt, i Fw(t)dt)
(1.9)€Dn (RDED\{(0,5)} T r
2 1
——————Var (= [ Fia(t)dt 11
e2-nn—1) ar(T/TT 12(t) ) (11)

n mc@ (; /IT Fy o(t)dt, % [TT Fl,g(t)dt> (12)

11



P20 ey (L] Rk [ B (13

where the last equality follows because, by vertex exchangeability, the covariance terms
depend only on the amount of overlap between the pairs (i, j) and (k,1)°.

If we can show that Equations (11)-(13) converge to 0 for all € > 0 when n — oo,
and that 2(6*) :=1/T f‘TT E(Fy 2(t))dt is invertible®, we obtain Assumption 2. Recall
that F; ;(t) is a function of s; ;(t), thus, such requirements are effectively concerning
the statistics (s;,j)(;,j)eD, - We see that Equations (11) and (12) converge to zero under
mild assumptions because the factor in front of the variance (covariance) converges to
zero. We provide a detailed discussion of these assumptions in Appendix B.

In Equation (13), the factor in front of the covariance converges to a non-zero
constant, i.e., we require that the covariance over disjoint dyads converges to zero. To
give a heuristic motivation for such an assumption, suppose that there is an underlying,
potentially unknown, sparse network G that contains all dyads (i, j) € D,, as vertices.
We assume that the amount of dependence between s;; and sj;, and hence Fj ;
and Fy,;, decays as the shortest path length distance in G, denoted by d((i, j), (k, 1)),
increases. The amount of dependence could, e.g., be measured in terms of correlation
of F; ;(t) and Fj(t). In such scenarios, it is plausible that

E(F12(t)F3.4(s) [ d((1,2),(3,4)) = k) = E(F12(t))E(F3,4(s)),

when k is large. Since, in sparse networks, it is much more likely that d((1,2), (3,4))
is large, these cases dominate, and we may expect the covariance in Equation (13)
to converge to zero. We give more details in Appendix B. Thus, we may expect that
asFs(60*) converges and Assumption 2 can be expected to hold.

In summary, we have shown that Assumptions 1-3 are satisfied as long as the
sufficient statistics are defined with caution: For T' — oo, they should have a fading
memory with passing time, for n — oo, they should not induce global dependencies.

4 Simulation Study

We assess the finite-sample validity of the theoretical results from Section 3 through
Monte Carlo simulations. The R package redeem facilitates both data generation and
model estimation [37]. We adopt the multiplicative Cox-type specification detailed
in Section 3.2, where the vector of sufficient statistics comprises an intercept along-
side selected endogenous sufficient statistics. To test the boundaries of our asymptotic
framework, the study includes model specifications that intentionally violate the
stability conditions derived in Section 3.2. To model varying degrees of temporal
dependence, we construct both windowed and cumulative formulations of these statis-
tics. We apply identity and log(- 4+ 1) transformations to these statistics to evaluate

5There are n(n —1)/2 possibilities to chose (i, j), n(n — 1)(n — 2)/2 possibilities to choose (i, ) and (k, )
with one overlapping vertex, and n(n — 1)(n — 2)(n — 3)/4 possibilities to choose (¢, j) and (k,1) without
overlap.

SRecall that T is fixed. However, if T — oo, assuming the convergence of this expression is the only
extra assumption. All of the following arguments will remain true. Note furthermore that (0%) is always
positive semi-definite.
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Fig. 1: Simulation Study with n — oo: Left panels display the estimator RMSE and
Mean Standard Error; right panels display empirical coverage probabilities and event
counts.

the sensitivity of estimator stability. This yields four distinct model specifications per
simulation setting: cumulative versus windowed statistics (orange and grey in sub-
sequent visualizations) with identity versus log transformations (bright and dark).
Because the scales across those statistics are not directly comparable, we restrict the
true parameter values to the positive real line, R, and provide their exact numerical
specifications in Appendix C.

The Root Mean Square Error (RMSE) measures consistency of the point estimates.
The mean standard error serves as a proxy for how fast the model accumulates informa-
tion, while empirical coverage probabilities validate the variance estimator and confirm
the adequacy of the Gaussian approximation in finite samples. Finally, we monitor the
total number of events to detect explosive behavior in the counting processes.
Scenario: n — oo: We employ the inertia statistic as the endogenous statistic,
counting the number of prior interactions for each pair. In Figure 1, we evaluate the
asymptotic behavior of the estimator as the cardinality of P, expands from 35 to 70
entities for a fixed T. As |P,| increases, both the Root Mean Square Error (RMSE)
and the theoretical standard errors decrease for all specifications. In line with Remark
3.3, the model involving the raw count of prior interactions accumulates information
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Fig. 2: Simulation Study with T'— oco: Left panels display the estimator RMSE and
Mean Standard Error; right panels display empirical coverage probabilities and event
counts.

faster than the log-transformed specification. Approximately 30% of these simulations
display explosive counting processes ’, leading to improper empirical coverage and
extreme variance in the total event count across simulation runs. The log(- + 1) trans-
formation yields well-behaved, stable stochastic processes, highlighting the need for
transforming raw counts.

Scenario: T — oo: For the setting with 7' — oo, we utilize the common partner
statistic. This statistic evaluates the number of common partners for a given dyad
(i,7) € Dy, being the number of entities h € P, satisfying both N;;, > 0 and
Np,; > 0. Unlike its windowed counterpart, the cumulative specification of this effect
lacks temporal ergodicity and ceases to learn anything new at some point in time. This
phenomenon is illustrated in the lower-left plane of Figure 2 by the flat trajectory of
the Mean SE of the cumulative specifications (orange lines), rendering the estimators
inconsistent. Windowed specifications, on the other hand, learn continuously and sta-
bilize the counting processes, as shown by the steadily decreasing mean standard error
and the linearly increasing number of events.

"It is straightforward to see that here, Equation (10) is not satisfied. In our simulations, we define a
counting process to be exploding whenever any dyadic intensity exceeds 1.79769 x 103°% | indicating overflow.
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5 Discussion

The theory discussed in Section 3.1 covers the case of a finite-dimensional parameter
6 ¢ © C R? with p fixed. Worthwhile generalizations of this framework would be to
high-dimensional parametric, semiparametric, and nonparametric settings.

For high-dimensional models with p — oo or even p > n, penalized estimation
is a classical approach, and inference methods have been discussed in the context of
classical counting-process. Tibshirani [38] provides a general discussion of penalized
estimation in Cox models, while Yu et al. [39] provide an inferential framework.

If one is primarily interested in a low-dimensional subset of coefficients, another
possibility is to consider a semiparametric model incorporating a potentially infinite-
dimensional nuisance parameter 1 substituting Equation (5) with:

Xij(t]6,m) = g(07si;(t) +m(n,ri (1)),

where r; ; describe a new set of low-dimensional statistics, and m is a known link
function. In such a model, the focus remains on estimation of 8. In such cases, a partial
likelihood approach as described in [40] is a promising starting point for inference.
Relaxing the assumption of linear covariate effects introduces nonparametric spec-
ifications, such as X; j(t | ¢) = ¢(t,s;;(t)). To bypass the curse of dimensionality
plaguing such models, additive or multiplicative intensities could be specified through

P
Aij(t @) = polt H (84,j,4(t)) and A ;(t [ @) = o(t +Z@q Sija(

g=1

respectively. Robust estimation of the functions ¢y, ..., ¢, could be potentially achieved
by adapting smooth backfitting algorithms [41, 42] to the REM framework.

Beyond this, the mathematical framework and empirical simulations presented here
offer practical guidance for researchers applying REMs to real-world data. The lessons
learned from this asymptotic theory for the applied model are:

1. Relying on raw counts for endogenous statistics, such as the number of prior events
of some pair of entities, can lead to explosive counting processes and improper
empirical coverage. Applying transformations, such as log(- + 1), is then critical to
stabilize the stochastic processes and ensure reliable inference. Alternative transfor-
mations are bounded functions such as 1/(- +1),-/(-+ K), or the indicator I(- > 0)
with some K € Ny, all available in the R package redeem [37].

2. In asymptotic regimes where T' — 0o, cumulative statistics lack temporal ergodicity
and eventually cease to learn. Employing some form of windowed statistics ensures
continuous learning and prevents estimator inconsistency over long time horizons.

3. When analyzing growing networks where the number of entities approaches infin-
ity, sufficient statistics must be specified to avoid inducing global dependencies.
Ensuring that the behavior of disjoint dyads remains asymptotically uncorrelated
is necessary for the convergence of the observed information.
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Appendix A Justification for Theorem 3.1

Theorem 3.1 is a direct consequence of Theorems VI.1.1 and VI.1.2 from [20] if the
following general Assumptions I-V hold true. While these assumptions are general,
their exact meaning can be different for different models. We will argue afterwards
why our Assumptions 1-3 imply them. Note that Theorems VI.1.1 and VI.1.2 from
[20] are formulated for general specifications of A; ;(¢ | @) while we focus here on
Nij(t ]| 0) = g(si;(t)T6). We therefore reformulate the assumptions in [20] for this
special case when it shortens the formulas.

Assumption I (Smoothness of the model). The function ¢ is continuously differen-
tiable up to third order. Moreover, ¢, 7(0) may be differentiated with respect to 8 up
to third order by interchanging differential and integral.

Assumption IT (Convergence of observed information). There is an increasing
sequence (as)sen C [0,00) with as — oo such that

ag®> Y / (o, Do, log Ni ;(t;0%))% Ni; (;0%) dt
T
converges in probability to a finite constant for all k,1 € {1, ..., p}. There is a positive
definite matrix %(6*) € RP*P such that ag>Fs(6*) 5 (6%).
Assumption III (Lindeberg condition). For all k € {1,...,p}, and € > 0

LB L) (e

(1,5)€EDn

_109,Mij(r | 0%)
S Niy(r] 6%

> 6) )\i,j(r | 9*)(317’ ﬂ 0.

Assumption IV (Uniform convergence of observed information). For any random
sequence Os £ 0*, it holds that a§2H5(95) L —%(6%).

Assumption V (Consistency). The estimator 05 is consistent, that is, Os 5 o~

Assumptions IV and V are high-level and can be proven under different assump-
tions for different models. For our case, the following Lemma A.1, which is also a
consequence of Theorems VI.1.1 and VI.1.2 in [20], gives more accessible conditions
under which Assumptions IV and V hold; but there are other ways of establishing
them. They are essentially required to prove that the remainder term in a Taylor
expansion converges to zero.

Lemma A.1. Let Assumptions I and II hold. Suppose in addition that there are
predictable processes G; j : Tp — [0,00) and H; j : Tp — [0,00) for all 4,5 € {1,...,n}
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and all n € N such that

max sup |89k 8gl 89
kl,me{l,....p} ge@*

09, 09,00 log X; i(t | 0)| < H;
kJ’mrél{alx ,p}eseug*I o, 09,00, log \; j(t | 0))] (),

05t 0) < Gij(D),

m

such that

ag®> > Gij(t)dt,  a3? Hij(i(t] 67)dt

(i,j)€D, 7 TT <w)eD Tr

all converge in probability to finite constants. Finally, suppose that, for any ¢ > 0,

> /T (a? H;;(t) > e) Aij(t ] 6%)dt 5 0.

(2,7) €Dy

Then, Assumptions IV and V hold.

We argue next that Assumptions I-V hold under our Assumptions 1-3. Note firstly
that, by Assumption 1, the parameter space ® C RP? is bounded, and, hence, it a
subset of a compact set ©.

Assumption I clearly holds as we assume differentiability of g in Assumption 1.
Differentiability of ,, 7(8) is then also a direct consequence: Note that the first integral
with respect to N, ;(t) can be rewritten as a sum. Therefore, differentiability of it
follows by the classical rules of differentiation. The second integral is a parameter
integral and can be differentiated under the integral sign if all derivatives of A; ;(¢ | 8)
are uniformly bounded on the compact set ©. This is the case because s; ;(t) are
uniformly bounded by Assumption 1, and g is continuously differentiable.

Assumption IT and Assumption 2 are identical.

To argue that Assumption III holds, we firstly note that X; ;(¢ | 0) is uniformly
bounded away from zero on ©. More specifically, by Assumption 1, we have that

inf inf inf min 0"s; (1) > e > 0 almost surel
96@ neNteTr ¢,7=1,. g( ZvJ( )) = €0 vy

for a suitable ¢y > 0 because s; ;(t) is uniformly bounded by Assumption 1. Therefore,

inf inf inf min A ;(¢]8) > ¢ almost surely.
neNteTy 0€@ i j=1,..,n

Furthermore

sup sup max |\, ;(t;0%)| = |g(sl—7j(t)T9*)| < My almost surely, and
neNteTp bI=1,...n

sup sup = max |89k Aij(t:0%)] = |si;, k(t)g(siyj(t)—ra*” < M almost surely (Al)
neNteTp Hi=1,-
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for suitable constants My, M7 € (0,00), by the boundedness assumption in Assump-
tion 1. We conclude that

E L (S (e

—_— | > Aii(r;0%)d
(1,5)€EDn s /\173(7‘,0*) ‘ 6) ,](7" Jdr

<ag® > /T< ) (aglj\jol>e>MOdr

(i,7)€Dp
1\411\4()1(]\41 )

_on(n—1)
—ds 2 r 68

— >as
€p€

Since we assume as — 00, the indicator on the right will eventually be equal to zero,
and therefore Assumption III holds true.

We argue that Assumptions IV and V hold true by showing the conditions of
Lemma A.1l. Note firstly that similarly to Equation (A1), we have

max _sup sup |Jg,dg,0p,, i ;(t;07)] < Mz almost surely, and
kl,me{l,....,p} neNteTr

max _sup sup |9s,Jg,a,, log ;i j(t;0%)| < M3 almost surely
kl,me{l,....p} neNteTr

for suitable constants Mjs, M3 € (0,00). Then, we may choose G; ;(t) = Mz and

H; ;(t) = M3 in Lemma A.1. We conclude that
—1
Z Gij( = ag” n(7n2 )TMS = M;
(i.)€Dy 7 TT

by our choice of as in Assumption 2. As a constant, the above expression converges
to a finite constant. Moreover,

Z t)Aij(t]0%)dt = a5*M; Z Aig(t]07)dt
(4,§)€EDn (4,/)ED Tr

which converges by Assumption 3 to a finite constant. The Lindeberg type condition
in Lemma A.1 can be proven by similar arguments as we used for Assumption III.

A.1 Sketch of Theorem 3.1 proof

We emphasize that Theorem 3.1 is a direct consequence of Theorems VI.1.1 and VI.1.2
of [20]. However, to explain the main ideas, we give here a very short outline of the
proof. By differentiability, guaranteed by Assumption I, we have by an application of
Taylor’s Theorem that

0=0ls(0s) = Us(6*) — Hs(6*)(0s — 0*) — (Hs(0s) — Hs(0%))(0s — 6%),
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where we abuse notation as follows: By Hs(ég) we mean a matrix, where the ¢-th
row equals the i-th row of Hs(8®") with () lying on the connecting line between
0* and 5. In other words, each row of Hg (és) has its own intermediate parameter.
Rearranging the above equation and multiplication with as yields

~ - —1
as(Bs —07) = (a52Hs(0") + a5*(Hs(0s) — Hs(67)))  a5'Us(6").  (A2)
Assumptions IV and V imply that
~ —1
(052 Hs(8") + ag*(Hs(0s) — Hs(67)) 5 x(6") .

We have argued below Theorem 3.1 that, by Assumptions II and III, aglUS(O*)
converges to a normal distribution A (0,X(6*)). Hence, by Equation (A2) we obtain
the convergence of as(0s — 6*) to N'(0,X(6*)71).

A.1.1 Different scaling

Note that as primarily guarantees that ag'Us(6*) converges to a normal distribution
and that agHg(0*) — %(0*). We would hence typically expect that as equals the
square root of Var (Us x(0*)), where Us j, denotes the k-th entry of the vector Us. A
problem arises if different entries of Ug(6*) have different variances. We suppose that
s;,; are identically distributed but scale differently and that, e.g.,

Var(Us 1 (0%)) = Z Var ( Og,, log A; (1 | 9*)dMi7j(r))
(1,5)€Dn Ir

_ @ / E (9o, 1og Aii(r | %) Xii(r | 67)) dr

Tn(n—1)
= #Us,ka

where we have assumed that the variance is the same for all pairs (i,7) and that
the integrand in the second line is bounded away from zero. The last equality serves
as a definition of vs . Let (vsx)s denote sequences that potentially have different
growth rates for different k. Let Ds € RP*P be a sequence of diagonal matrices with
diagonal entries (,/Us)p_;- It is then plausible that for as = /Tn(n —1)/2, we
have that angglUg(H*) converges to a normal distribution. It follows, in turn, that
a5’D3' Fs(6*)Dg' plausibly converges to some constant matrix $(*). In a Cox
model, one can directly conclude that ag’Dg'Hs(6*)Dg' converges to %(6*). In
other models, an equivalent to the first part of Assumption II is required. Moreover,
we have to prove that this convergence holds uniformly as in Assumption IV. If we
can show this, we can multiply Equation (A2) from the left with Ds and obtain

o ~ -1
asDs(fs — 6%) = (a§2D§1H3(6*)D§1 +a5’Dg' (Hs(0s) — Hs(e*))Dgl)
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x ag'D5'Us(6%).
If we believe the assumptions that we have just discussed, we can now conclude as in
Section A.1 that R 4

asDs (8s —6") S N (0,2(67) 7).

Appendix B More details to Section 3.2

To give more details on the heuristic discussion in Section 3.2, note that

Cov ( /I R, /I () dt)

- / / E (F;(t)Fe(t)) dtds — / E (F (1)) dt
T TT_/_/ TTW_/
=:hijnr(t,s) =i (1)

Applying the above in Equation (11) yields

(1) = =Dy, (/IT Fia(t) dt)

2 4
2€cag

which converges to zero, when assuming that n — oo and

% /ch /TT E (Fyo(t)Fio(s)) dtds = O(1) and % . E(Fio(t) dt = O(1). (B3)

These assumptions seem plausible for T' — oo or 1" fixed, and many choices of sufficient
statistics. For Equation (12), we obtain in a similar fashion that

(12) 2622,(:1(71__2)1) (1}2 /IT . b12,13(t, s)dt ds — (; . Y12(t) dt) ) -

The above expression converges to zero when n — oo and under a boundedness
assumption on the integrals similar to Equation (B3).
Finally, Equation (13) can be rewritten by the same logic to

(n=2)(n-3) (1 1 2
(13) = nn—1) <T2 /IT b P12,34(t,s) dtds — (T . P12(t) dt) )

The above converges to zero for n — oo when one assumes that the behavior on disjoint
edges becomes asymptotically uncorrelated. Specifically, we require that (recall that
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Y12(8) = ¥34(t))
P12,13(t, 8) =E(F12(t)F3,4(5)) = E(F12(8))E(F34(s)) = ¥12(t)12(s)
by concretely assuming that

1 1 2
T2/TT - ¢12,34(t,8) dtds — (T . ¢12(t) dt) — 0.

To give a heuristic motivation for the last assumption, consider the following set-up.
Suppose that there is an underlying, potentially unknown, sparse network G that
contains all dyads (i,j) € D, as vertices. Let d((4,7),(k,l)) denote the length of
the shortest path between dyads (i,7) and (k,l) within this network. We assume
that the amount of dependence between s; ; and sj,; decreases when d((s, ), (k,1))
increases. Then, the amount of dependence of F;; and Fj; is also decaying when
distance between (i,7) and (k,l) in the network G increases. Assume finally that
d((%,7), (k,1)) > 1 when {i, 5} N {k,l} = 0. In such scenarios it is plausible that

E(F12(t)F4(s) | d((1,2),(3,4)) = k) = E(F1,2(¢))E(F3,4(s5)),

when £k is large. Moreover, in sparse networks it is much more likely to observe a large
d((1,2),(3,4)). Hence, the large distance expectations play an increasingly important
role in

E(F2(t) F3,4(5))

:ZE (Fr2(t)Fs.4(s) [ d((1,2),(3,4)) = d) P (d((1,2),(3,4)) = k),

=1

and, hence, we may expect asymptotically that disjoint edges are uncorrelated.

Appendix C Simulation Study Setup

Table C1 summarizes the configuration of the simulation study designed to evalu-
ate the finite-sample behavior of the estimator under both spatial (n — oo) and
temporal (7' — oo0) asymptotic regimes. The table details the chosen sufficient
statistics, observation grids, and true parameter vectors across different functional
transformations.
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Table C1: Configuration of simulation studies. The number of independent replica-
tions is set to 100 for all scenarios. For the windowed statistics, the window is fixed
at 0.5 for Simulation Study 1 and at 1 for Simulation Study 2.

Simulation 1 Simulation 2
Regime n — 00 T — oo
Statistics (Intercept, Inertia) (Intercept, Common Partner)
Fixed T=1 n =10
Grid n € {35,40,...,70} T € {2,5,...,60}

True Parameters

Raw (—2.95,1.2) (—2.0,0.25)
Log (-1.5,1.2) (—2.0,1.0)
Windowed Raw (—2.5,1.2) (—2.0,0.45)
Windowed Log (-1.5,1.2) (—2.0,1.2)
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